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FOREWORD 


Contract  F49620-83-C-0118  entitled  “Coupling  Linearized  Far-Field  Boundary  Conditions  with  Non¬ 
linear  Near-Field  Solutions  in  Transonic  Flow”  was  sponsored  by  the  Air  Force  Office  of  Scientific  Re¬ 
search.  The  objective  of  this  contract  was  to  develop  an  efficient  procedure  for  calculating  pressure 
distributions  and  generalized  forces  in  unsteady  transonic  flow  for  use  in  the  evaluation  of  the  flutter  char¬ 
acteristics  of  aircraft. 


Participants  at  the  Boeing  Commercial  Aircraft  Company  include:  Dr.  Richard  Ensminger,  program 
manager;  William  S.  Rowe,  principal  investigator;  Dr.  F.  Edward  Ehlers,  and  Warren  H.  Weatherill;  all 
of  the  Flutter  Research  Group  of  the  Structures  Technology  Department,  Research  and  Development;  and 
Dr.  Roger  Grimes  of  the  Boeing  Computer  Sendees  Company.  The  program  manager  for  AFOSR  was 
Dr.  Anthony  Amos  of  the  Directorate  of  Aerospace  Sciences. 


This  report  describes  the  theoretical  developments  and  validation  studies  accomplished  during  the 
course  of  the  contract. 
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1.0  INTRODUCTION 


Historically,  flutter  analysis  of  three-dimensional  airplane  configurations  has  been  limited  to  the 
linearized  (nonshock)  flow  regime  where  solutions  are  obtained  for  a  relatively  small  number  of 
unknowns.  Unsteady  loadings  used  in  linearized  flutter  predictions  are  usually  obtained  by  coupling 
assumed  pressure  distributions  with  a  linearized  kernel  function  to  match  the  lifting  surface 
normalwash  boundary  conditions.  The  number  of  unknowns  is  limited  to  the  number  of  assumed 
pressure  distributions  that  are  distributed  in  a  continuous  fashion  or  applied  as  localized  panel  loadings 
over  the  lifting  surfaces.  Unsteady  loadings  obtained  using  panel  methods  (Doublet-Lattice  or  SOUSSA) 
usually  limit  the  number  of  unknowns  to  some  value  that  is  less  than  1000,  even  for  a  complicated  3D 
configuration.  The  number  of  unknowns  to  be  evaluated  in  analysis  using  continuous  pressure 
distributions  is  usually  an  order  of  magnitude  less  than  that  required  in  panel  methods.  That  is,  the 
number  of  unknowns  is  less  than  100  when  continuous  pressures  are  used. 

Transonic  flutter  predictions  of  some  high  aspect  ratio  wings  have  been  successfully  accomplished 
by  applying  experimental  modification  factors  to  the  aerodynamic  coefficients  of  linearized  theory. 
Again,  the  number  of  unknowns  to  be  evaluated  is  relatively  small,  and  this  problem  size  can  be  easily 
accepted  on  the  relatively  small  core  computers  in  use  today.  Transonic  flutter  predictions  are  needed 
early  in  the  design  stage  to  provide  guidance  for  improving  and  validating  airplane  performance.  It  has 
been  demonstrated  that  some  high  performance  supercritical  airfoils  have  severe  flutter  characteristics 
that  need  to  be  identified  early  in  the  design  stage  so  that  proper  design  changes  can  be  applied  to  provide 
a  stable  flight  system.  It  is  nearly  impossible  to  accurately  represent  unsteady  surface  pressures  that 
contain  an  oscillating  shock  by  means  of  a  linear  combination  of  assumed  surface  pressure  distributions. 
Shocks  that  develop  in  transonic  flows  are  not  restricted  to  a  localized  region  of  the  surface  but  extend  out 
into  the  flow  field  away  from  the  lifting  surface  and  affect  the  entire  flow  field.  Consequently,  the  velocity 
flow  field  around  an  airfoil  having  an  embedded  shock  needs  to  be  determined  by  a  means  that  is  more 
powerful  than  that  used  in  nonshock  flow  analyses.  A  method  that  has  proven  successful  in  predicting 
the  velocity  field  around  an  airfoil  having  attached  shocks  is  one  that  determines  the  spatial  variation  of 
the  velocity  field  from  simultaneous  solutions  of  the  nonlinear  differential  equation  evaluated  at  the 
intersections  of  a  three-dimensional  grid  network  that  encompasses  the  airfoil.  The  number  of  unknowns 
to  be  evaluated  in  the  3D  grid  network  may  easily  range  up  to  100,000  unknowns  even  for  an  analysis  of 
an  isolated  lifting  surface.  The  large  number  of  unknowns  taxes  the  limitations  of  present  large  core 
computers  (such  as  the  CRAY)  when  used  in  predicting  unsteady  loadings  on  isolated  3D  surfaces. 
Consequently,  unsteady  loadings  on  complete  3D  airplane  configurations  in  unsteady  transonic  flow 
conditions  must  be  deferred  until  extremelv  large  core  computers  are  available  in  the  future  unless 
procedural  modifications  can  be  developed  and  applied  to  substantially  reduce  the  number  of  solution 
unknowns. 
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2.0  NOMENCLATURE 
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a 

Stream  wise  dimension  of  mesh  region 

R 

b 

Root  semichord  of  wing  or  semichord  of  airfoil 

w 

■ 

cP 

Local  pressure  coefficient 

# 

fl 

flk,y,t) 

Instantaneous  wing  shape  defined  by  z0  =  dflx,y,t) 

f0 

Undisturbed  wing  or  airfoil  shape 

V  V\.K 

* 

;i 

fi 

Unsteady  contribution  to  wing  or  airfoil  shape 

0 

■ 

ij,k 

x,y,z  subscripts  and  indices  for  points  in  the  mesh 

I 

i 

\TT 

Vjv 

»  ' 

K 

Transonic  parameter,  (1  -  M2)/(M2e) 

-  - 

M 

Free  stream  Mach  number 

*,m 

Mesh  point  indices 

./TWi 

u„ 

Freestream  velocity 

Time  in  units  of  b/UD 

♦ 

'Vir 

t 

!»S»:r;S 

Dimensionless  physical  coordinates 

m 

W  o»^n 

m 

Variables  of  integration 

vV»* 

r 

Ratio  of  specific  heats  for  air 

MS 

ft 

ACp 

Jump  in  pressure  coefficient 

»  .  * 

■ 

A<Pi 

Jump  in  (fi  at  plane  of  wing  or  vortex  wake 

v>v 

ffl 

A<Pit« 

Jump  in  cp},  at  wing  trailing  edge 

Wv 

Thickness  ratio 


(rf/Mf3 
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2.0  NOMENCLATURE  (Concluded) 

Ax  uM/ll  -  M2) 

o(x,y)  Source  distribution  over  mesh  boimdary 

<p  Complete,  scaled  perturbation  velocity  potential 

cp0  Steady  scaled  perturbation  velocity  potential 

cp1  Unsteady  scaled  perturbation  velocity  potential 

a)  Reduced  frequency 


3.0  BACKGROUND  INVESTIGATION 


Given  the  difficulties  resulting  from  the  large  number  of  unknowns  required  by  current  finite 
difference  solution  procedures,  it  is  of  interest  to  examine  techniques  for  reducing  the  number  of 
solution  unknowns. 

Numerical  studies  for  this  report  began  by  using  an  existing  finite  difference  computer  program  for 
unsteady  transonic  two-dimensional  flow  known  as  OPTRAN2  (ref.  1).  The  equations  for  OPTRAN2  are 
derived  by  simplifying  the  full  time-dependent  potential  equations  by  assuming  small  disturbances  and 
then  separating  the  potential  into  steady  and  unsteady  parts.  The  equation  for  the  steady  potential  at 
high  subsonic  Mach  numbers  is  the  well-known  nonlinear  transonic  equation.  The  equation  for  the 
unsteady  potential,  after  assuming  simple  harmonic  motion,  is  linear  but  with  spatially  varying  coeffi¬ 
cients  which  are  functions  of  the  steady  potential.  Shock  motions  are  included  as  small  motions  about 
the  steady-state  location.  Solutions  are  obtained  either  by  direct  solution  or,  for  a  limited  range  of  Mach 
numbers  and  reduced  frequency,  by  relaxation  methods. 

Unsteady  loading  predictions  obtained  from  OPTRAN2  compare  favorably  with  predictions  ob¬ 
tained  from  other  transonic  computer  programs  such  as  the  results  of  XTRAN2  (ref.  2),  a  “time- 
integration”  procedure,  as  illustrated  in  Figure  1. 

Results  of  one  of  the  numerical  excursions  are  shown  in  Figure  2,  which  presents  a  comparison  of 
the  velocity  potential  spatial  variation  above  and  below  the  wing  plane  (at  the  midchord  station)  for  a 
flat  plate  and  a  NACA  64A010  airfoil  section.  The  potential  discontinuity  across  the  finite  thickness 
airfoil  is  greater  than  that  obtained  for  the  zero  thickness  airfoil.  Spatial  characteristics  are  quite 
similar  at  small  distances  away  from  the  mean  planes.  A  similar  trend  may  also  be  observed  for  the 
spatial  variation  of  the  velocity  potentials  of  the  MBB-A3  airfoil  section  that  is  shown  in  Figure  3. 

In  both  comparisons,  the  differences  between  potentials  of  finite  thickness  and  zero  thickness  air¬ 
foils  appear  to  be  significant  only  in  localized  regions  in  the  near  vicinity  of  the  airfoil.  Effects  of 
nonlinearities  tend  to  diminish  rapidly  with  increasing  distance  from  the  airfoil,  so  the  potential  distri¬ 
bution  of  the  shock  loaded  finite  thickness  airfoil  rapidly  approaches  the  linearized  solution  of  the  zero¬ 
thickness  airfoil.  It  appears  that  there  is  a  substantial  region  of  the  finite  difference  grid  network  where 
the  flowfield  takes  on  linear  characteristics  that  do  not  need  to  be  evaluated  by  finite  difference  proce¬ 
dures.  Consequently,  the  size  of  the  grid  network  may  be  greatly  reduced  by  taking  advantage  of  the  far- 
field  linearity  characteristics  of  the  nonlinear  solution  by  coupling  an  appropriate  linear  far-field 
solution  with  the  nonlinear  near-field  solution.  A  schematic  of  such  a  modification  procedure  is  shown  in 
Figure  4. 

The  grid  network  would  be  reduced  to  some  moderate  size  and  the  solution  region  would  be  sepa¬ 
rated  into  two  parts.  The  linearized  solution  region  outside  of  the  network  would  extend  to  infinity  from 
the  outer  boundary  and  the  nonlinear  solution  region  would  be  confined  to  the  interior  grid  network. 
Sources  (and  perhaps  doublets)  of  unknown  strengths  would  be  applied  to  the  outer  faces  of  the  grid 
network  in  order  to  couple  the  two  dissimilar  solution  regions.  Solution  coupling  is  obtained  by  match¬ 
ing  both  the  velocity  potential  and  its  normal  derivative  on  the  interface  boundary  of  the  reduced  size 
network. 

Results  of  the  preliminary  investigation  indicated  that  it  may  be  possible  to  achieve  a  five-to-one 
reduction  in  the  number  of  solution  unknowns.  A  schematic  (fig.  5)  shows  the  network  reduction  that  is 
thought  to  be  possible  for  transonic  analyses  of  isolated  two-dimensional  lifting  surfaces. 
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4.0  OVERALL  APPROACH 

This  research  is  directed  toward  determining  the  feasibility  of  coupling  linearized  far-field  with 
nonlinear  near-field  solution  procedures  to  reduce  the  size  of  finite  differencing  grid  networks  presently 
required  in  transonic  analysis  of  three-dimensional  airplane  configurations. 

The  research  is  divided  into  two  parts.  The  first  part  involves  evaluating  the  feasibility  of  coupling 
two  dissimilar  solution  procedures  in  the  analysis  of  two-dimensional  airfoil  sections  with  an  ultimate 
goal  of  demonstrating  the  capability  of  predicting  unsteady  loadings  on  a  two  airfoil  (e.g.,  a  wing-tail 
combination)  problem.  The  second  part  consists  of  extending  the  analysis  to  three-dimensional  lifting 
surfaces. 

Existing  finite  difference  computer  programs  developed  to  predict  unsteady  loadings  on  two- 
dimensional  and  three-dimensional  isolated  lifting  surfaces  are  to  be  modified  by  inserting  algorithms 
necessary  to  couple  the  linear  and  nonlinear  solution  procedures.  The  existing  computer  programs  to  be 
modified  are  the  Boeing-developed  programs  designated  as  OPTRAN2  and  OPTRAN3. 

OPTRAN2  is  a  finite  differencing  program  developed  to  evaluate  unsteady  loadings  on  two- 
dimensional  airfoil  sections  due  to  infinitesimal  oscillations  about  a  steady  angle  of  attack.  Potential 
solutions  may  be  obtained  for  zero-thickness  or  finite  thickness  airfoil  sections.  Viscosity  effects  are  not 
accounted  for  in  the  program  formulation;  however,  finite  thickness  loading  predictions  appear  to  be 
reasonable  when  compared  with  experimental  data.  Also,  loading  predictions  for  the  zero-thickness  case 
converge  to  values  obtained  from  linearized  theories  that  are  known  to  be  accurate. 

OPTRAN3  is  an  extension  of  OPTRAN2  and  has  been  formulated  to  predict  unsteady  transonic 
loadings  on  isolated  three-dimensional  wing  configurations. 

Mayor  tasks  involved  in  the  two-dimensional  investigation  are  identified  as  follows: 

1.  Develop  analytical  expressions  for  the  far-field  potentials  due  to  sources  (and  perhaps  doublets)  dis¬ 
tributed  on  the  outer  face  of  the  grid  network. 

2.  Develop  necessary  algorithms  to  couple  the  two-solution  procedures,  modify  OPTRAN2,  and  check 
the  program  for  accuracy  of  calculation. 

3.  Evaluate  the  validity  of  the  coupling  procedure  by  comparing  computed  results  with  exact  predic¬ 
tions  on  a  two-dimensional  zero-thickness  airfoil. 

4.  Compare  predictions  of  the  coupling  procedure  with  results  obtained  from  a  full-grid  analysis  of 
OPTRAN2  applied  to  airfoils  having  attached  shocks. 

5.  Demonstrate  capability  of  predicting  unsteady  loadings  on  two  airfoils  in  same  flowfield  (similar  to  a 
wing-tail  combination). 

Major  tasks  to  be  accomplished  in  the  three-dimensional  portion  of  this  investigation  are  essentially 
the  same  as  those  described  in  the  two-dimensional  portion,  with  the  exception  that  program  modifica¬ 
tions  are  to  be  applied  to  the  finite  span  lifting  surface  program,  OPTRAN3  and  wing-tail  combinations 
will  not  be  included  here. 
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5.0  TWO-DIMENSIONAL  INVESTIGATION 


5.1  ANALYTICAL  DERIVATIONS 


All  analytical  expressions  necessary  to  couple  two  dissimilar  solution  regions  have  been  derived  and 
are  given  in  Appendixes  A,  B,  C,  and  D. 


Expressions  for  the  spatial  variation  of  the  velocity  potentials  caused  by  distributions  of  sources 
and/or  doublets  and  the  infinite  wake  are  given  in  Appendix  A. 


Equations  necessary  to  couple  the  linearized  far-field  potentials  with  the  finite  differencing  near¬ 
field  potentials  are  derived  in  Appendix  B. 


Appendix  C  contains  the  expressions  used  to  evaluate  the  potential  due  to  the  infinite  wake.  The 
potentials  due  to  the  infinite  wake  are  reduced  to  matrix  coefficient  form  in  Appendix  D. 


5.2  BASIC  EQUATIONS  EVALUATED  BY  OPTRAN2 


Since  the  mathematical  derivation  of  the  method  for  the  solution  of  the  unsteady  velocity  potential 
for  the  flow  about  a  harmonically  oscillating  wing  is  presented  in  Reference  1,  the  discussion  here  will 
be  limited  to  a  brief  outline  for  the  procedure  for  two  dimensions.  A  more  detailed  discussion  of  the 
equations  for  three-dimensional  flow  is  given  in  Appendix  E.  The  complete  nonlinear  differential  equa¬ 
tion  was  simplified  by  assuming  the  flow  to  be  a  small  perturbation  from  a  uniform  stream  near  the 
speed  of  sound.  The  resulting  equation  for  unsteady  flow  is 


[K  -  (y-l)<pt  -  (y+  lkpj  <p„  +  <Pyy  -  (2 +<Ptt)/£  =  0, 


where  K  =  (1  -  M2)/(M2e),  M  is  the  freestream  Mach  number  of  velocity  U„  in  the  x  direction,  x  and  y  are 
made  dimensionless  to  the  semichord  b  of  the  airfoil  and  the  time  t  to  the  ratio  b/U0.  With  the  airfoil 
shape  as  a  function  of  time  defined  by  the  relation 


y0  =  dfix.t), 


the  linearized  boundary  condition  becomes 


<py  =  fx(x,t)  +  ft(x,t). 


The  quantity  6  is  associated  with  properties  of  the  airfoil  (such  as  maximum  thickness  ratio, 
camber,  or  maximum  angle  of  attack)  and  is  assumed  to  be  small.  The  coordinate  is  scaled  to  the 
dimensionless  physical  coordinate  y0  according  to 


y  =  <51/3M2'3y0, 


and  £  is  given  in  terms  of  <5  by 


=  (6M?3. 


The  pressure  coefficient  is  found  from  the  relation 


Cp  =  -  2e(cpx  +  <pt). 
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The  preceding  differential  equation  is  simplified  by  assuming  harmonic  motion  and  by  assuming 
the  velocity  potential  to  be  separable  into  a  steady-state  potential  and  a  potential  representing  the 
unsteady  effects.  We  write  for  the  perturbation  velocity  potential 

tp  =  cp0(x,y)  +  qjjfx.yle1"*  (3) 

and  for  the  body  shape 

y0  =  df(x,t)  =  6  [f0(x)  +  fjfxle1"1]. 

Since  the  steady-state  terms  must  satisfy  the  boundary  conditions  and  the  differential  equation  in 
the  absence  of  oscillations,  we  obtain 


[K  -  (y  +  DtPoJ^o^  +  <POyy  =  0  (4) 

with 

c p ^  =  f0(x),  y  =  0,  -1  <  x  <  1.  (5) 

On  the  assumption  that  the  oscillations  are  small  and  products  of  cpx  may  be  neglected,  equations  (1)  and 
(2)  with  the  aid  of  equations  (4)  and  (5)  yield 


f[K-(r  +  1)  VoJ  <PiJ  +  <Plvv  -  (2iw/f)  <Pi  +  qcp1  =  0, 

x  1  x  yy  1 


(6) 


where 


q  =  co2/£  -  iaKy  -  lkp0lI 
subject  to  the  wing  boundary  conditions 

<Piy  =  fjx  +  io>fi(x),  y  =  0,  -1<x<1.  (7) 

The  differential  equation  of  (  6  )  is  of  a  mixed  type,  being  elliptic  or  hyperbolic  whenever  the  steady 
state  equation  (  4  )  is  elliptic  or  hyperbolic.  The  finite  difference  equations  are  formulated  by  using 
central  differencing  in  defining  the  y  and  z  derivatives,  whereas  the  x  derivatives  are  evaluated  using 
central  differencing  whenever  the  region  is  subsonic  (having  elliptic  characteristics).  Upstream  (or  back¬ 
ward)  differences  are  applied  in  defining  the  x  derivative  at  all  hyperbolic  stations. 

The  boundary  condition  requirement  that  the  pressure  be  continuous  across  the  wake  from  the 
trailing  edge  was  found  in  terms  of  the  jump  in  potential  Ac p1  to  be 

Acpi  =A  <plteeiwixxte\  (8) 

where  Ac Pi  is  the  jump  in  the  potential  at  x  =  x^  just  downstream  of  the  trailing  edge  and  is  determined 
to  satisfy  tfie  Kutta  condition  that  the  jump  in  pressure  vanish  at  the  trailing  edge.  The  quantity  Acpx  is 
also  used  in  the  difference  formulation  for  the  derivative  cpi  to  satisfy  continuity  of  normal  flow  across 
the  trailing  edge  wake. 

The  system  of  equations  that  is  solved  by  OPTRAN2  is  the  set  of  linear  spatially  variable  coefficient 
equations  given  by  equation  (6),  where  only  the  unsteady  part  of  the  potential  is  being  evaluated.  The 
total  potential  given  by  equation  (3)  is  composed  of  an  unsteady  part  and  a  steady  part. 
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0PTRAN2  does  not  solve  for  the  steady  potentials  -  that  is,  it  evaluates  only  the  unsteady 
potentials.  Evaluation  of  the  unsteady  loadings  on  a  finite  thickness  airfoil  requires  that  the  steady-state 
potential  distribution  be  obtained  from  an  external  source  for  input  to  OPTRAN2.  The  steady-state 
program  that  has  been  used  in  this  investigation  is  known  as  TSFOIL  and  is  described  in  Reference  3. 

Total  potentials  are  obtained  by  adding  the  steady  potentials  of  TSFOIL  to  the  unsteady  potentials 
of  OPTRAN2.  Solutions  for  the  unsteady  potentials  are  obtained  by  a  direct  solution  since  the  equations 
are  linear  but  have  spatially  variable  coefficients. 

5.3  MODIFICATION  PROCEDURES  APPLIED  TO  OPTRAN2 

In  the  finite  difference  formulation  for  a  boundary  value  problem  of  a  partial  differential  equation, 
boundary  conditions  must  be  specified  on  the  mesh  boundaries  to  make  the  system  of  equations  solvable. 
For  the  case  of  harmonic  oscillations  on  a  wing,  the  proper  boundary  conditions  require  outgoing  waves. 
The  far-field  solution  can  be  approximated  by  the  classical  linearized  equation.  The  research  described 
here  is  the  investigation  of  prescribing  singularity  distributions  on  the  mesh  boundaries  and  matching 
the  resulting  outer  solution  with  the  inner  finite  difference  formulation. 

Sources  are  distributed  along  individual  segments  of  the  outer  boundary  (as  shown  in  fig.  6)  in  order 
to  provide  continuity  in  the  velocity  potential  and  its  normal  derivative  at  the  outer  boundary. 

Velocity  potentials  and  their  derivatives  are  calculated  for  each  of  the  solution  matching  stations 
that  are  located  on  the  boundary  of  the  reduced  sized  grid  network.  The  potential  calculation  involves 
evaluating  the  potential  due  to  each  of  the  triangular  shaped  source  distributions  and  the  potential  due 
to  the  infinite  wake. 

The  equation  for  the  velocity  potential  for  a  control  station  derived  in  References  1  and  4  is  given  by 
giAjMx  a  giAjMx  _b 

<Pi  - - 4j—  J  k-Vu-  °dVdl  dx' - J  lOfVf  -  °rVr]  dy'  +  AVite  •  x(x,y),  (9) 

-a  -b 


where  xp  =  Hq(2)  [X  V"(  (x  -  x'f  +  K(y  -  y'f )  J  (  a  Hankel  function) 


-a-i* 


'  Vydx'. 


The  linear  and  nonlinear  solutions  are  coupled  together  by  equating  potentials  and  normal 
derivatives  at  the  boundaries.  The  coupling  equations  for  the  upstream  boundary  are  given  as: 

-  ¥>lx  =  k2j  ~  <filj)/(x2  ~  Xj)  (10) 

=  +  (11) 

where  cp and  cp2j  are  the  perturbation  potentials  from  the  finite  difference  solution.  Similar  relations 
hold  for  the  other  three  sides.  Equations  (9),  (10),  and  (11)  are  discretized  by  prescribing  the  source 
distribution  at  mesh  points  along  the  mesh  boundary  as  in  Figure  6.  In  the  first  attempt,  the  integration 


of  equation  (9)  was  performed  numerically  using  a  triangular  basis  function  as  shown  in  Figure  6.  The 
use  of  this  basis  function  centered  at  each  point  on  the  boundary  yields  a  continuous  piecewise  linear 
distribution  of  the  source  strength  over  the  boundaries,  and  resulting  potentials  are  evaluated  at  the 
discrete  mesh  points.  At  first,  the  values  of  the  kernel  function  were  calculated  at  the  mesh  points  on  the 
boundary  and  interpolated  quadratically  at  the  midpoints  to  make  an  efficient  program.  A  five  point 
Simpson’s  rule  was  first  tried  to  evaluate  the  individual  integrals  of  the  basis  function  potential.  The 
combined  equations  for  the  inner  flow  and  equations  for  the  source  distribution  of  the  outer  solution  are 
inserted  into  a  large  matrix  array  (see  fig.  7)  and  solved  simultaneously. 

It  must  be  noted  that  a  substantial  amount  of  computing  time  is  required  in  evaluating  the 
coefficients  of  the  potentials  due  to  the  source  distributions  and  infinite  wake.  Nonetheless,  it  is 
anticipated  that  the  overall  number  of  CP  seconds  required  by  this  grid  reduction  procedure  will  be  less 
than  that  required  for  full  grid  analyses. 
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6.0  VALIDATION  FOR  ZERO  THICKNESS  AIRFOILS 


Validation  of  this  modification  procedure  is  established  by  showing  the  capability  for  accurately 
predicting  unsteady  loadings  on  zero-thickness  airfoils.  It  is  then  assumed  that  it  can  be  accurately 
applied  in  analyses  of  finite  thickness  airfoils  that  are  subjected  to  nonlinear  flows. 

The  accuracy  of  predictions  obtained  from  this  OPTRAN2  modified  procedure  is  established  by 
comparing  predictions  obtained  from  a  method  developed  by  Bland  (ref.  5)  of  NASA  LRC  that  is  known  to 
be  accurate. 

Prior  to  making  comparisons  between  the  results  with  the  revised  procedure  and  exact  results,  an 
initial  computer  run  was  made  to  determine  the  prediction  accuracy  of  the  basic  unmodified  OPTRAN2 
program.  These  results  are  shown  in  Figure  8.  The  continuous  solid  lines  represent  the  prediction  results 
of  the  BLAND  (NASA  LRC)  (ref.  5)  method  and  the  open  symbols  represent  the  results  obtained  using  the 
full  60  by  72  grid  available  in  OPTRAN2.  It  is  to  be  expected  that  small  differences  would  be  present 
since  the  full  grid  OPTRAN2  does  not  fully  account  for  an  infinite  wake  but  has  a  wake  that  extends  only 
1-V2  chordlengths  downstream  of  the  trailing  edge.  Nontheless,  the  predictions  appear  to  be  reasonably 
close  for  the  most  part  and  it  is  expected  that  small  differences  should  exist  between  the  full  grid  and 
modified  grid  analyses. 

Program  checkout  was  then  initiated  and  a  series  of  computer  runs  was  obtained  to  assess  the 
prediction  accuracy  of  this  modification  procedure.  Typical  results  of  one  of  the  grid  reduction  cases  are 
shown  in  Figure  9. 

It  was  evident  that  for  this  example  the  technique  failed  to  provide  reasonable  predictions  for  the 
zero-thickness  case,  and  one  would  expect  to  obtain  poor  correlation  for  analyses  of  the  finite  thickness 
case  in  mixed  transonic  flow  conditions.  Consequently,  the  program  was  reexamined  for  possible  coding 
errors  and/or  limitations  of  the  applied  integration  techniques  in  order  to  identify  the  cause  of  the  lack  of 
correlation. 

Several  coding  errors  were  detected  and  the  revised  coding  was  inserted  into  the  program.  However, 
these  corrections  only  modified  the  predicted  results  by  a  very  small  amount,  which  essentially  resulted 
in  revised  predictions  that  were  approximately  the  same  as  those  shown  in  Figure  9.  Integration 
accuracy  checks  were  then  conducted  to  evaluate  the  accuracy  level  of  the  integration  procedure.  As  a 
result  of  this  investigation,  two  program  changes  were  made:  (1)  the  basis  function  shown  in  Figure  6  was 
changed  to  one  that  is  continuous  in  the  first  derivative  as  shown  in  Figure  10,  and  (2)  Legendre-Gauss 
integration  quadratures  were  inserted  to  replace  the  Simpson’s  Rule  integration  technique  previously 
used.  Logarithmically  singular  integrals  were  formulated  in  analytical  form  and  were  used  in  place  of 
the  quadrature  techniques  previously  applied  in  this  portion  of  the  program. 

Computer  runs  that  followed  these  program  changes  result  in  the  reasonable  predictions  that  are 
shown  for  a  typical  case  in  Figure  11. 

In  order  to  evaluate  the  effect  of  the  shape  of  the  basis  function  on  prediction  results,  the  original 
piecewise  continuous  basis  function  was  reinserted  into  the  program  and  this  change  produced  results 
that  were  almost  identical  with  the  results  of  Figure  11.  Since  the  results  are  almost  identical,  it  is 
evident  that  reasonable  correlations  may  be  achieved  by  using  either  one  of  the  basis  functions  to  define 
the  distributions  of  externally  applied  source  distributions.  The  more  important  conclusion  is  that  the 
Simpson  rule  integration  methods  do  not  provide  the  integration  accuracy  necessary  for  good 
correlations. 
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After  a  series  of  computer  runs,  it  was  established  that  the  minimum  size  grid  network  that  ran  be 
used  to  provide  accurate  predictions  of  unsteady  loadings  on  zero-thickness  airfoils  is  a  grid  network  that 
maintains  at  least  four  horizontal  grid  lines  above  and  below  the  airfoil  and  at  least  four  vertical  grid 
lines  spaced  ahead  of  the  leading  edge  and  behind  the  trailing  edge.  The  requirement  of  maintaining  four 
grid  lines  above  and  below  the  surface  coincides  with  using  four  grid  points  to  calculate  a  second  order 
derivative  using  finite  differencing  techniques. 

Analysis  results  are  shown  in  Figure  12  for  a  case  where  four  grid  lines  are  distributed  above  and 
below  the  surface  and  four  grid  lines  are  spaced  ahead  of  and  behind  the  airfoil.  The  grid  size  reduction 
ratio  is  approximately  10:1  and  was  achieved  at  a  cost  that  is  52%  of  the  cost  required  for  a  full  grid 
OPTRAN2  analysis. 

Prediction  accuracy  becomes  unacceptable  for  cases  where  there  are  less  than  four  grid  lines 
distributed  above  and  below  the  airfoil.  An  example  of  the  acciracy  deterioration  that  may  result  is 
shown  in  Figure  13  for  a  case  where  only  three  horizontal  grid  lines  are  distributed  above  and  below  the 
airfoil. 

It  appears  that  the  largest  reductions  that  can  be  achieved  by  coupling  analytical  and  finite 
differencing  techniques  as  applied  to  solutions  of  second  order  differential  equations  are  limited  to  a  10:1 
reduction  of  grid  size  and  a  50%  reduction  of  computer  costs.  These  limiting  values  are  applicable  only  to 
linear  flow  systems.  Reduction  ratios  are  expected  to  be  substantially  less  for  analyses  involving 
nonlinear  flows  described  in  the  next  section. 
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7.0  VALIDATION  FOR  FINITE  THICKNESS  AIRFOILS 


Validation  investigations  have  been  extended  to  determine  the  feasibility  of  reducing  the  size  of 
grid  networks  associated  with  analyses  of  finite  thickness  airfoils  subjected  to  nonlinear  transonic  flow 
conditions. 


7.1  MODERATE  SHOCK  LOADING  CONDITIONS 


The  investigation  was  extended  to  evaluate  the  feasibility  of  reducing  the  network  grid  size  in  the 
analyses  of  finite  thickness  airfoils  having  a  moderate  shock  only  on  ,ne  side  of  the  airfoil. 

An  initial  investigation  covered  an  analysis  using  a  NACA  64A010  airfoil  section  oscillating  in 
pitch  about  a  1-deg  mean  angle  of  attack  at  M  =  0.80.  Velocity  potentials  and  Mach  number  variations  for 
steady-state  flow  conditions  were  obtained  from  the  output  of  TSFOIL  in  order  to  initiate  the  OPTRAN2 
analysis.  Spatial  variations  of  the  flow  field  Mach  number  obtained  from  TSFOIL  are  shown  in  Figure  14 
in  the  form  of  Mach  number  contour  plots.  The  background  grid  is  not  drawn  to  scale  but  is  used  to 
indicate  the  number  of  grid  lines  that  were  applied  in  the  steady-state  analysis.  For  this  case,  the  upper 
and  lower  boundaries  are  located  12.73  chordlengths  above  and  below  the  surface.  The  forward  boundary 
is  located  4.83  chordlengths  ahead  of  the  leading  edge  and  the  downstream  boundary  is  located  4.89 
chordlengths  aft  of  the  trailing  edge.  The  numbers  appearing  in  the  margins  represent  the  locations  of 
the  unsteady  grid  network  relative  to  the  steady-state  network.  The  unsteady  network  has  30  horizontal 
grid  lines  above  and  below  the  surface  and  there  are  12  vertical  grid  lines  distributed  ahead  of  the 
leading  edge,  18  behind  the  trailing  edge,  and  42  are  distributed  over  the  length  of  the  airfoil. 

The  Mach  contour  plot  indicates  that  the  flow  characteristics  ahead  of  and  behind  the  airfoil  deviate 
from  remote  conditions  by  only  a  small  amount.  This  suggests  that  the  forward  and  aft  boundaries  may 
be  located  very  close  to  the  leading  and  trailing  edges  similar  to  locations  that  were  found  to  be 
appropriate  in  analyses  of  zero-thickness  airfoils. 

Even  though  shocks  are  not  present  in  the  region  below  the  airfoil,  it  appears  (from  a  rough  plot  of 
Mach  number  versus  vertical  distance)  that  the  gradient  of  the  Mach  number  may  have  nonlinear 
characteristics  in  a  region  that  may  extend  1/2  chordlength  into  the  flow  field  below  the  lower  surface. 
This  will  confine  the  location  of  the  lower  boundary  to  a  region  that  is  located  at  a  distance  that  is  at  least 
1/2  chordlength  or  greater  below  the  lower  surface. 

From  a  plot  of  Mach  number  versus  vertical  distance  above  the  airfoil,  it  appears  that  the  gradient 
of  the  Mach  number  has  linear  characteristics  at  distances  greater  than  .8  chordlength  above  the  surface. 
This  should  prove  to  be  the  minimum  distance  that  the  upper  boundary  can  be  located  relative  to  the 
upper  surface  for  accurate  predictions  of  unsteady  loadings. 

Results  of  a  computer  run  made  using  the  approximate  boundary  locations  described  above  are 
shown  in  Figures  15  and  16.  The  predictions  obtained  from  the  coupling  procedure  are  almost  identical  to 
those  obtained  by  the  full  grid  analysis  method  except  for  a  small  region  near  the  midchord  where  minor 
differences  exist  for  the  out-of-phase  loadings.  One  possible  reason  for  the  localized  difference  in 
predictions  is  that  there  may  be  spurious  waves  generated  within  the  interior  finite  differencing  grid. 
Spurious  waves  are  generally  caused  by  satisfying  the  boundary  conditions  only  at  discrete  points 
instead  of  in  a  continuous  manner  around  the  exterior  boundary.  In  order  to  evaluate  this  possible  error 
source,  the  program  was  modified  to  include  the  effects  of  adding  doublet  distributions  to  the  exterior  of 
the  grid  boundary.  The  added  doublets  would  allow  using  the  additional  boundary  condition  of  setting 
<p  —  0  in  the  interior  grid  region  and  eliminate  any  spurious  waves  in  the  finite  differencing  network.  The 
predictions  that  resulted  from  this  program  modification  were  found  to  be  almost  the  same  as  the  results 
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obtained  by  the  original  formulation  that  made  use  of  source  distributions  only.  It  was  concluded  that  for 
this  case,  if  spurious  waves  are  in  the  inner  grid,  their  effect  was  minimal  and  there  is  no  need  to  apply 
additional  doublet  distributions  to  enhance  the  loading  predictions. 

Also,  prediction  differences  observed  in  Figure  16  may  be  due  to  comparing  the  output  of  two 
programs  that  use  different  representations  of  the  infinite  wake.  The  full  grid  OPTRAN2  program  takes 
into  account  the  wake  effects  only  over  a  distance  of  I-V2  chordlengths  downstream  of  the  trailing  edge, 
whereas  the  coupling  procedure  uses  the  complete  infinite  wake.  Prediction  differences  between 
OPTRAN2  and  an  “exact”  program  of  NASA-LRC  (as  shown  in  fig.  8)  are  of  the  same  order  of  magnitude 
as  shown  in  Figure  16.  Consequently,  the  coupling  procedure  results  are  accurate  within  the  error  bounds 
defined  for  the  full  grid  OPTRAN2  analysis  and  therefore  are  judged  to  be  acceptable. 

A  numerical  investigation  was  then  conducted  in  an  attempt  to  develop  a  criterion  that  can  be 
applied  in  defining  optimum  grid  sizes  to  reduce  computer  costs.  The  investigation  involved  developing  a 
plot  of  the  spatial  variation  of  the  Mach  number  as  a  function  of  the  vertical  distance  above  the  airfoil 
shown  in  Figure  17.  This  plot  was  constructed  from  the  information  contained  in  the  upper  regions  of  the 
flow  field  Mach  contour  plot  of  Figure  14.  Then  a  series  of  computer  runs  was  made  for  analysis  cases 
where  the  upper  boundary  was  varied  while  the  forward,  aft,  and  lower  boundaries  were  maintained  in 
the  fixed  locations  defined  in  Figures  15  and  16.  Prediction  results  obtained  from  these  analyses  were 
then  judged  to  be  acceptable  or  unacceptable  in  comparison  with  the  reference  predictions  obtained  from 
the  full  grid  OPTRAN2  analyses.  The  location  of  the  upper  boundary  relative  to  the  upper  surface  of  the 
airfoil  for  each  analysis  case  was  then  identified  on  the  Mach  variation  plot  of  Figure  17. 

The  demarcation  zone  that  separates  acceptable  predictions  from  unacceptable  predictions  is 
denoted  by  the  crosshatched  region.  The  vertical  line  dividing  acceptable  from  unacceptable  results  is  not 
a  single  line  of  zero  width  but  is  a  region  having  finite  width  where  prediction  accuracy  gradually 
changes  from  unacceptable  to  acceptable.  The  width  of  the  region  was  not  determined  in  this  study  since 
this  would  require  changing  the  vertical  spacing  of  the  horizontal  grid  lines  that  are  “hardwired”  into 
the  basic  program.  However,  it  has  been  determined  that  the  demarcation  zone  does  not  include  the 
region  where  the  upper  boundary  of  the  eight  grid  line  case  is  located.  This  may  be  illustrated  by 
examining  the  loading  predictions  for  the  eight  grid  line  case  shown  in  Figures  18  and  19  where  the 
plotted  results  indicate  that  the  predictions  are  unacceptable  since  large  differences  in  predictions  exist 
over  the  entire  chordlength  including  the  region  containing  the  shock  loadings. 

Unsteady  loading  predictions  shown  in  figures  20  and  21  were  obtained  for  the  smallest  size  grid 
network  that  can  be  used  to  provide  acceptable  results.  The  network  size  is  identified  as  having  nine  grid 
lines  above  the  surface,  seven  grid  lines  below  the  lower  surface,  four  grid  lines  ahead  of  the  leading  edge, 
and  four  grid  lines  behind  the  trailing  edge. 

It  should  be  noted  that  the  analysis  case  contained  within  the  demarcation  zone  and  having 
predictions  judged  to  be  acceptable  has  a  gradient  of  the  Mach  number  given  by 

AM/ Ay  =  -0.156. 

It  may  be  coincidental  but  this  value  is  nearly  the  numerical  value  of  the  upper  limit  for  which  linear 
terms  can  be  used  to  approximate  transcendental  functions  within  1%  error  bounds.  It  appears  that  one 
criterion  that  can  be  used  to  obtain  accurate  predictions  is  that  the  gradient  of  the  Mach  number  on  the 
outer  boundaries  must  be  equal  to  or  less  than  the  numerical  value  of  the  upper  limit  for  which  linear 
terms  may  be  used  to  approximate  transcendental  functions  within  1%  error  bounds. 

The  following  numerical  investigation  is  developed  to  evaluate  the  validity  of  using  this  criterion  in 
analyses  involving  small  shock  loading  conditions. 


4 


14 


7.2  SMALL  SHOCK  LOADING  CONDITIONS 


The  small  shock  loading  analysis  case  was  developed  using  a  NACA  64A010  airfoil  section 
oscillating  in  pitch  about  a  mean  angle  of  attack  of  1-deg  at  M  =  0.78.  The  same  analysis  procedures  used 
in  the  previous  case  were  applied  to  provide  the  plot  of  Figure  22,  which  represents  the  flow  field  Mach 
number  variation  in  terms  of  Mach  contour  lines. 

The  region  below  the  airfoil  does  not  have  enough  information  to  identify  how  far  the  nonlinearities 
extend  into  the  flow  field.  However,  it  is  observed  in  comparing  the  locations  of  the  Mach  contour  lines  of 
Figures  14  and  22  that  the  contours  for  the  small  shock  loading  case  extend  a  smaller  distance  into  the 
lower  flow  field  than  do  the  contours  of  the  moderate  shock  loading  case.  Consequently,  the  locations  of 
forward,  aft,  and  lower  boundaries  will  be  initially  set  at  the  boundary  locations  defined  for  the  network 
of  the  moderate  shock  loading  case. 

The  region  above  the  airfoil  has  a  sufficient  number  of  contour  lines  to  construct  the  plot  of  Mach 
number  variation  with  respect  to  vertical  distance  from  the  airfoil  shown  in  Figure  23.  Then  a  series  of 
computer  runs  was  made  for  various  upper  boundary  locations  and  the  results  were  judged  to  be 
acceptable  or  unacceptable  and  noted  as  such  by  the  demarcation  zone  shown  on  the  plot  of  Figure  23. 
The  demarcation  zone  that  separates  acceptable  from  unacceptable  results  is  identified  by  the  vertical 
crosshatched  region. 

Prediction  differences  become  very  large  for  cases  where  the  location  of  the  upper  boundary  lies  to 
the  left  of  the  demarcation  zone.  For  example,  analysis  results  shown  in  Figures  24  and  25  were  obtained 
for  the  first  case  located  to  the  left  of  the  demarcation  zone.  The  predictions  are  judged  to  be  unacceptable 
since  they  differ  by  approximately  10%  over  the  region  forward  of  the  shock  and  the  out-of-phase  shock 
loading  is  underestimated  by  approximately  20%. 

Once  the  accuracy  limit  of  the  upper  boundary  location  was  established,  the  lower  boundary  was 
moved  to  a  new  location  and  computer  runs  were  conducted  to  identify  the  smallest  size  network  that 
could  be  used  to  provide  acceptable  loading  predictions  for  this  analysis  case.  The  unsteady  loading 
predictions  shown  in  Figures  26  and  27  represent  predictions  obtained  for  the  smallest  size  network  that 
can  be  used  for  providing  accurate  loadings.  The  network  consists  of  nine  horizontal  grid  lines  above  the 
surface,  six  below,  four  grid  lines  ahead  of  the  leading  edge,  and  four  grid  lines  behind  the  trailing  edge. 
The  grid  size  reduction  ratio  that  is  achieved  is  greater  than  the  5:1  goal  that  was  established  at  the 
beginning  of  this  investigation. 

It  appears  that  the  previously  developed  criterion  is  also  valid  for  this  analysis  case  since  the 
gradient  of  the  Mach  number 

AM/Ay  *  -0.135 

lies  well  below  the  upper  limit  of  the  numerical  values  for  which  linear  terms  may  be  used  to 
approximate  transendental  functions  within  small  error  bounds. 

A  final  check  on  the  approximation  of  the  criterion  is  made  by  examining  its  effect  in  predicting 
loadings  for  systems  subjected  to  symmetrical  shock  loadings. 

7.3  SYMMETRICAL  SHOCK  LOADINGS 

The  symmetrical  shock  loading  case  was  developed  for  a  NACA  64A010  airfoil  section  oscillating 
about  a  0-deg  mean  angle  of  attack  at  M  =  0.825.  The  flow  field  Mach  number  variation  obtained  from 
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TSFOIL  is  shown  in  Figure  28  in  a  form  of  Mach  contour  plots.  Symmetrical  shock  loadings  extend  a 
distance  of  .43  chordlength  into  the  flow  field  above  and  below  the  surface. 

Upper  and  lower  grid  line  boundaries  for  a  series  of  runs  were  noted  on  the  plot  of  Figure  23  which 
shows  the  spatial  variation  of  Mach  number  with  respect  to  distances  above  and  below  the  airfoil.  A  more 
detailed  plot  of  Mach  number  versus  distance  above  the  wing  is  shown  in  Figure  29.  Included  in  this  figure 
is  a  crosshatched  region  indicating  a  demarcation  between  acceptable  and  unacceptable  results  based  on 
comparisons  with  OPTRAN2.  The  demarcation  line  is  located  in  a  region  where  the  value  of  the  gradient  of 
the  Mach  number  with  respect  to  the  vertical  coordinate,  AM /Ay,  equals  —0.15,  and  lies  within  the  numer¬ 
ical  upper  limit  where  linear  terms  can  still  be  used  to  approximate  transcendental  functions  within  1% 
error  bounds.  Results  obtained  for  the  case  of  having  nine  grid  lines  above  and  below  the  airfoil  are  shown 
in  Figure  30  and  31.  Differences  in  the  loading  predictions  appear  to  be  within  acceptable  error  bounds  of 
Figure  8.  Consequently,  the  results  are  judged  to  be  acceptable. 

Prediction  differences  rapidly  attenuate  to  zero  for  cases  exceeding  nine  grid  lines  above  and  below 
the  airfoil.  Also,  prediction  differences  become  very  large  for  networks  that  have  less  than  nine  grid  lines 
above  and  below  the  surface. 

It  is  important  to  note  that  the  reason  for  requiring  a  minimum  of  nine  grid  lines  distributed  above 
and  below  the  airfoil  for  this  analysis  case  is  due  to  the  fact  that  the  ninth  grid  line  (which  defines  the 
outer  boundary  location)  happens  to  be  located  at  a  vertical  station  that  has  a  Mach  number  gradient 
value  that  is  contained  within  the  acceptable  numerical  range  for  which  linear  terms  may  be  used  to 
approximate  transcendental  functions. 


8.0  TWO  AIRFOIL  SOLUTION 


Unsteady  harmonic  oscillation  of  two  airfoils  in  the  same  flow  field  was  investigated  to  evaluate  the 
feasibility  of  reducing  the  size  of  finite  differencing  grid  network  required  for  a  total  two  airfoil  system 
analysis.  Each  airfoil  was  encased  with  a  separate  grid  network  having  its  own  individual  source 
distributions  applied  to  the  outer  surface  of  each  network. 

The  size  of  the  grid  network  surrounding  each  airfoil  was  chosen  to  correspond  to  a  size  that  was 
previously  found  to  be  suitable  for  analysis  of  a  single  airfoil.  The  analysis  was  developed  using  a  NACA 
64A010  airfoil  section  oscillating  at  a  reduced  frequency  of  k  —  0.30  about  a  1-deg  mean  angle  of  attack 
for  M  =  0.80. 

Unsteady  interaction  effects  between  the  two  airfoils  is  taken  into  account  by  having  the  boundary 
conditions  of  each  network  prescribed  in  such  a  way  that  the  total  combined  source  distribution 
influences  each  of  the  grid  regions.  Interaction  effects  between  the  two  airfoils  influence  only  the 
externally  applied  source  distributions,  which  in  turn  effect  the  boundary  conditions  on  external  surfaces 
of  the  networks  to  change  the  loadings  on  the  individual  airfoils. 

The  boundary  condition  on  the  main  airfoil  was  chosen  to  be  the  same  as  that  used  in  a  single  airfoil 
analysis— pitching  about  the  leading  edge.  The  second  airfoil  was  maintained  in  a  stationary  position  to 
act  as  a  reflector  for  the  waves  generated  by  the  main  airfoil.  Computer  programs  are  not  available  to 
provide  steady-state  flow  solutions  for  the  combined  two  airfoil  analysis.  Consequently,  we  applied  the 
single  surface  steady-state  TSFOIL  results  to  each  individual  airfoil.  That  is,  we  represented  the 
steady-state  flow  conditions  acting  on  the  two  airfoils  in  a  manner  that  assumed  there  were  no 
interaction  effects  existing  between  the  two  airfoils.  Unsteady  loading  predictions  resulting  from 
applying  this  assumption  will  be  in  error  since  steady-state  shock  location  will  not  be  properly  defined. 
However,  even  with  these  shortcomings,  the  feasibility  of  the  solution  matching  technique  can  be 
evaluated  to  determine  its  effectiveness  in  reducing  grid  size  requirements  in  analyses  of  multiple  airfoil 
systems. 

Program  checkout  included  making  several  runs  to  assess  the  interaction  influence  between 
vertically  spaced  airfoils.  This  verified  that  the  unsteady  loadings  limited  out  to  the  same  loadings 
obtained  for  the  analysis  of  an  isolated  airfoil  when  spatial  separation  became  large. 

Main  surface  unsteady  loadings  obtained  for  the  two  airfoil  systems  are  compared  with  single 
surface  loadings  in  Figures  32  and  33,  where  airfoils  are  horizontally  separated  by  a  distance  of  1.5 
chordlengths  and  vertically  separated  a  distance  of  .5  chordlength. 

The  reflector  airfoil  has  a  substantial  influence  on  the  loading  developed  on  the  forward  surface. 
This  may  be  due  to  the  fact  that  two-dimensional  disturbances  decay  more  slowly  than  do  three- 
dimensional  disturbances.  For  two-dimensional  flow,  the  disturbances  decay  in  proportion  to  exp(-iwr)/ 
Vr,  and  in  3-dimensional  flows  they  are  proportional  to  exp(-io»r)/r.  The  shock  location  (predicted  by  the 
dual  airfoil  system)  remains  in  the  same  position  as  that  pr^icted  of  the  single  airfoil,  since  its  position 
was  determined  by  the  steady-state  solution. 

In  reality  the  second  airfoil  would  have  altered  the  steady-state  shock  location  from  the  single 
airfoil  solution,  and  this  would  have  been  reflected  in  the  unsteady  solution  as  well. 

However,  the  reflecting  airfoil  does  have  an  influence  on  moving  the  shock.  At  the  location  of  the 
steady-state  shock  position,  a  jump  in  the  unsteady  potential  usually  occurs  across  the  shock.  As  an 
example,  Figure  34  shows  a  plot  of  the  distribution  of  the  jump  in  unsteady  potential  across  the  airfoil. 


We  see  that  a  jump  in  this  quantity  occurs  at  x  =  0.18,  the  location  of  steady  state-shock.  From  equation 
D-3  in  Reference  6,  this  jump  in  potential  is  seen  to  be  a  measure  of  the  oscillation  of  the  shock  position. 
When  the  motion  of  the  shock  is  given  by 


x  =  Xj  e'"\ 

the  complex  amplitude  of  the  shock  is  given  by  the  relation 

Xl  -  foiJ/fooJ. 

The  notation  [  ]  denotes  jump  across  the  shock.  The  quantity  [tpox]  is  proportional  to  the  pressure  jump 
across  the  shock  and  is  thus  a  measure  of  the  shock  strength.  Figure  35  shows  a  plot  of  the  jump  in 
unsteady  potential  across  the  shock  as  a  function  of  stream  wise  distance  between  centers  of  the  two 
airfoils  as  the  second  airfoil  is  moved  along  the  horizontal  line  y  =  1.5  where  y  =  0  is  the  location  of  the 
main  airfoil.  The  amplitude  of  oscillation  of  the  moving  shock  wave  varies  in  a  sinusoidal  fashion  and 
decays  as  the  second  airfoil  is  moved  aft. 

Timing  results  are  not  available,  since  the  solution  matrix  of  OPTRAN2  has  not  been  modified  to 
allow  evaluation  of  a  two  airfoil  system.  However,  a  grid  size  reduction  ratio  of  5.21:1  has  been  achieved 
for  the  two  airfoil  system,  and  this  value  lies  well  within  the  reduction  ratio  goal  established  at  the 
beginning  of  this  investigation. 
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8.1  COMMENTS  ON  THE  GRADIENT  OF  MACH  NUMBER 

It  was  determined,  after  a  series  of  numerical  investigations,  that  acceptable  unsteady  loading 
predictions  may  be  achieved  for  all  cases  where  the  gradient  of  the  Mach  number  (taken  in  a  direction 
normal  to  the  boundaries)  never  exceeds  a  value  of 

AM/Ay  =  -.170. 


It  appears  that  this  value  is  near  the  maximum  value  for  which  linear  terms  may  be  used  to 
approximate  transcendal  functions  within  small  error  bounds.  This  corresponds  to  the  evaluation  slopes 
of  derivatives  within  small  error  bounds. 

Since  this  convergence  criterion  has  proven  to  be  valid  for  all  cases  investigated,  it  appears  that  it 
could  be  applied  in  any  type  of  finite  differencing  procedure  to  ensure  reliable  loading  predictions. 


9.0  THREE-DIMENSIONAL  INVESTIGATION 
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For  the  current  method,  the  original  finite  difference  grid  with  simple  outgoing  wave  boundary 
conditions  is  replaced  with  a  smaller  grid  and  an  exterior  distribution  consisting  of  sources  and  doublets 
on  the  boundaries  of  the  truncated  finite  difference  region.  In  the  two-dimensional  investigation,  the 
source  and  doublet  distribution,  with  outgoing  wave  far-field  conditions,  was  represented  by  a  set  of 
localized  functions  applied  about  a  set  of  control  points.  These  control  points  were  aligned  with  the  rows 
"  and  columns  that  make  up  the  finite  difference  mesh  and  lie  halfway  between  the  outermost  row  and 
the  first  interior  row  for  each  boundary.  The  interior  finite  difference  potential  was  matched  with  the 
amplitude  and  the  normal  derivative  of  the  potential  from  the  externally  applied  functions  during  the 
solution  process. 

As  presented  above,  this  new  procedure  proved  successful  for  two-dimensional  flow.  In  extending  this 
procedure  to  the  three-dimensional  problem,  it  is  necessary  to  distinguish  between  the  setting  up  of  the 
coefficient  matrix  and  the  solution  of  the  coefficient  matrix  for  the  vector  of  unknowns.  For  the  original 
finite  difference  procedure,  the  cost  of  setting  up  the  large  but  sparse  coefficient  matrix  was  small  com¬ 
pared  to  that  required  to  solve  for  the  unknowns.  However,  in  the  current  procedure,  calculation  of  the 
coefficients  associated  with  exterior  distributions  is  quite  different.  For  each  control  point  there  is  a  source 
(and  doublet)  distribution  to  be  calculated  due  to  every  other  control  point.  Consequently,  the  dominating 
cost  for  the  new  procedure  is  that  of  evaluating  the  influence  functions  associated  with  the  exterior  distri¬ 
butions  rather  than  cost  associated  with  solving  the  simultaneous  equations.  It  was  found  that  for  the  two- 
dimensional  problems  presented  above,  approximately  80%  of  the  cost  of  a  run  was  for  evaluating  and 
summing  the  influence  functions  to  form  the  coefficient  matrix.  This  problem  will  become  even  more  acute 
for  three-dimensional  configurations. 

For  instance,  consider  the  three-dimensional  grid  network  that  encompasses  the  wing  and  a  portion 
of  the  wake  as  shown  in  Figure  36.  The  total  number  of  unknowns  that  exist  for  a  solution  of  OPTRAN3 
would  be 

(Im  -  2)  (Jm  -  1 )  (Km  -  2)  =  42x19x30  =  23,940  unknowns 

If  the  outer  boundaries  are  located  halfway  between  Xx  and  X2  fo  he  forward  boundary',  and 
between  X(43)  and  X(44)  for  the  aft  boundary,  with  the  lower  boundary  located  halfway  between  Zx  and 
Z2  and  upper  boundary  located  between  Z(31)  and  Z<32),  with  the  outboard  boundary  located  between 
Y(19)  and  Y(20)  then  the  number  of  control  stations  available  to  provide  solution  matching  is  given  by  2 
x  19  x  30  +  2  x  19  x  42  +  30  x  42  =  3,996  grid  points  available  to  satisfy  the  solution  matching 
procedures.  However,  the  number  of  influence  functions  needed  to  be  evaluated  would  be  the  square  of 
this  number,  which  would  be  15,968,016  influence  function  evaluations,  if  individual  loading  functions 
were  to  be  applied  at  each  control  station  of  the  original  outer  boundary  of  the  grid  network.  The 
number  of  influence  functions  calculations  would  still  be  large  even  if  the  grid  size  were  reduced  to  one- 
half  the  number  of  grid  stations  in  each  coordinate  direction.  The  number  of  influence  functions  calcula¬ 
tions  would  then  amount  to  approximately  7,984,008  which  would  be  a  prohibitive  number  of  functions 
to  be  evaluated  and  would  defeat  the  cost  reduction  purpose  of  the  research. 

The  number  of  influence  functions  to  be  calculated  may  be  reduced  by  extending  the  source  and 
doublet  distributions  over  larger  regions;  in  particular,  it  has  been  determined  that  low-order  global 
functions  may  be  used  to  represent  the  distributions  on  each  boundary  face.  Figure  37  presents  the 
velocity  potential  distribution  on  the  outer  boundaries  of  a  grid  network  as  calculated  using  the  original 
finite  difference  procedure.  These  distributions  must  be  matched  in  amplitude  and  normal  derivative 
with  potentials  generated  by  the  source  and  doublet  distributions.  The  potential  distributions  on  the 
upper,  lower,  and  outboard  boundaries  are  smooth  and  continuous,  and  may  be  generated  by  source  and 
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doublet  distributions  described  using  a  few  low-order  polynomials.  Potential  distributions  on  the  for¬ 
ward  and  aft  boundaries  may  be  generated  using  low-order  polynomials  coupled  with  the  discontinuous 
potential  distributions  that  are  generated  by  the  wake. 
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Although  the  number  of  unknowns  have  been  reduced,  an  adequate  number  of  control  (or  matching) 
points  may  be  retained  by  making  use  of  least  squares  error  procedures.  Care  must  be  taken  to  select 
the  most  appropriate  distributions,  the  minimum  number  of  matching  points,  and  the  location  of  these 
points  to  obtain  optimum  results. 

Thus,  in  order  to  attain  a  more  cost-effective  procedure  in  the  three-dimensional  program  the  follow¬ 
ing  tasks  were  undertaken  to  modify  the  OPTRAN3  program: 

1.  Develop  an  accurate  numerical  procedure  evaluating  the  potential  due  to  the  doublet  sheet  of  the 
infinite  wake  shed  from  the  wing  trailing  edge 

2.  Derive  relations  for  matching  the  finite  difference  potentials  and  normal  derivatives  with  the  poten¬ 
tials  and  normal  derivatives  of  the  applied  sources  and  doublets  in  order  to  satisfy  boundary  condi¬ 
tions  on  the  outer  grid  boundaries 

3.  Devise  a  least-squares  error  procedure  for  selecting  the  values  of  the  parameters  of  the  assumed 
source  and  doublet  distributions  used  to  match  the  finite  difference  solution 

The  result  of  rewriting  OPTRAN3  to  implement  the  above  ideas  is  a  pilot  program  for  calculating 
the  pressure  distributions  over  harmonically  oscillating  rectangular  wings  in  transonic  flows.  This 
program  is  called  TRINX3  for  TR(ransonic-)IN(ner-e)X(terior-matching,-)3(-dimensional). 

9.1  EQUATIONS  EVALUATED  BY  OPTRAN3 


The  finite  difference  equations  applicable  to  the  interior  solution  region  are  given  in  Appendix  E.  A 
brief  discussion  is  presented  to  describe  how  the  unsteady  flow  can  be  represented  by  a  small  perturba¬ 
tion  about  the  steady  flow  condition.  The  derivation  parallels  the  write-up  of  the  two-dimensional  flow 
equations  with  the  exception  that  additional  equations  are  given  for  the  inclusion  of  the  spanwise 
variable  and  the  source  and  doublet  distributions  are  represented  by  global  rather  than  local  functions. 

9.2  EQUATIONS  EVALUATED  BY  TRINX3 


Expressions  given  in  Appendix  F  have  been  developed  for  the  evaluation  of  potentials  at  an  arbi¬ 
trary  field  point  due  to  the  source  and  doublet  distributions  applied  to  the  exterior  boundaries  of  the 
grid  network.  Potential  equations  which  have  been  developed  for  each  exterior  face  of  the  grid  boundary 
are  coupled  with  a  zero  potential  interior  boundary  condition  to  provide  potential  and  normal  deriva¬ 
tives  from  the  grid  solution  which  are  directly  related  to  the  doublet  and  source  values  from  the  exterior 
solutions.  The  form  of  the  exterior  solution  is  chosen  to  represent  the  outgoing  wave. 

Procedures  used  to  couple  the  linear  exterior  solution  with  the  interior  finite  difference  equations 
are  set  forth  in  Appendix  G.  The  relationship  between  the  interior  and  exterior  potentials  are  developed 
from  equating  potentials  and  normal  derivatives  to  satisfy  the  boundary  conditions  on  the  surface  that 
separates  the  two  solution  procedures. 

Appendix  H  provides  a  description  of  the  least-squares  error  solution  procedure  used  to  obtain  the 
best  approximation  of  matching  surface  boundary  conditions.  The  function  to  be  minimized  is  composed 
of  two  parts.  The  first  part  represents  the  sum  of  the  squares  of  the  terms  that  provide  continuity 
between  the  inner  and  outer  solutions,  and  the  second  part  is  the  sum  of  squares  of  the  terms  that 
vanish  in  the  region  that  is  interior  of  the  grid  boundary.  Least  squares  solutions  are  obtained  from 
satisfying  a  set  of  simultaneous  equations  developed  from  taking  derivatives  of  the  error  function  with 
respect  to  the  parameters  associated  with  the  exterior  applied  source  and  doublet  distributions. 
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The  form  of  the  global  functions  for  the  source  and  doublet  distributions  on  the  grid  boundaries  is 

XmYn 

where  m  and  n  are  integers  which  may  also  be  zero.  The  integrals  of  the  product  of  these  polynomial 
terms  and  the  fundamental  point  source  and  doublet  functions  over  the  grid  boundaries  for  each  of  the 
solution  matching  points  are  formed  into  arrays.  Appendix  I  defines  these  arrays. 

A  numerical  means  for  evaluating  the  potential  due  to  the  doublet  distribution  of  the  infinite  wake 
is  contained  in  Appendix  J.  The  potential  induced  by  the  wake  that  extends  beyond  the  finite  differenc¬ 
ing  grid  network  is  defined  as 

i  r  )>t 

4>J,x,y,z)  =  —  ]  ^exp(Mfl2-x))A</>,  (a2,y')dy'  ■ 

t*  OC 

J  exp(  - ioi(x'  -*))(  3^1  /dz’^jdx’ 

where  i/-,  =  exp  (-/X  (R,  +  M  (x’  -x)))/R, 

R?  =  (x-x’)2  +  (y-y')2  +  (z-z’)2 
X  =  uM/(l  -Mz) 

The  above  infinite  integral  is  identified  as  being  the  kernel  function  of  the  potential  integral  and 
may  be  reduced  to  a  more  recognizable  form  by  combining  the  exponentials  and  separating  the  integral 
into  two  parts  which  results  in  the  expression 


_  3 

f°°  exp  |”  —  iw  (T  +  M(T2  +  r2)1/z) 

fo  exp  /u  (t  -  Mfr2  +  r2) 1 n) 

ivernei  —  ~ 

3z' 

Jo 

dT  +  3 z' 

Jo  O'  z  +  r  Z)I/Z 

where  w  =  X/M;  r  =  (x-x') 

It  is  to  be  noted  that  the  above  form  of  the  kernel  function  is  identical  with  that  Watkins,  Runyan, 
and  Woolston  (ref.  7),  with  the  exception  that  the  above  kernel  applies  a  single  derivative  to  each  of  the 
integral  terms  and  the  kernel  of  Reference  7  applies  two  derivatives.  The  difference  between  using  one 
or  two  derivatives  depends  on  the  objectives  being  sought.  A  single  derivative  provides  a  velocity  poten¬ 
tial  and  an  application  of  an  additional  derivative  will  define  a  velocity  field.  Thus  the  expressions  for 
the  kernel  function  defining  a  potential  field  or  a  velocity  field  only  differ  by  an  application  of  a  single 
derivative.  Consequently,  the  kernel  function  used  in  the  wake  potential  calculations  is  the  kernel 
function  of  Reference  7  multiplied  by  the  vertical  coordinate,  z. 

For  points  in  the  region  of  integration,  the  source  has  a  1/r  singularity.  After  subtracting  terms 
containing  the  singularity  from  the  integrands,  we  can  perform  the  integration  numerically.  The  value 
of  the  integration  of  the  source  over  the  region  is  then  found  by  adding  the  closed  form  integration  of  the 
1/r  terms.  The  theory  is  described  in  detail  in  Appendix  K. 
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Accuracy  checks  have  been  conducted  to  ensure  that  this  form  of  the  kernel  function  will  provide 
reasonably  accurate  potentials  due  to  the  infinite  wake.  The  spanwise  variation  of  the  wake  chordwise 
integral  in  Figure  38  indicates  that  its  largest  value  is  generated  at  the  control  station  and  rapidly 
diminishes  in  value  in  the  spanwise  direction.  The  spanwise  integration  procedure  has  been  formulated 
to  provide  sufficient  accuracy  by  subdividing  the  interval  into  several  small  intervals  and  applying 
Legendre  integration  quadrature  procedures  to  each  integration  interval.  A  numerical  test  was  con¬ 
ducted  to  evaluate  the  accuracy  of  the  analytic  formulation  and  algorithm  expressions  in  calculating  the 
potential  distribution  due  to  the  infinite  wake.  The  numerical  test  was  one  of  calculating  the  potential 
on  the  downstream  face  of  the  grid  network  and  comparing  the  values  of  the  discontinuity  in  potential 
across  the  wing  plane  with  the  discontinuity  in  potential  input  from  the  wing  trailing  edge.  The  poten¬ 
tial  discontinuity  calculated  at  the  wing  plane  should  be  equal  to  the  discontinuity  value  input  from  the 
trailing  edge  of  the  wing  if  the  kernel  function  has  been  accurately  formulated  and  programmed. 

The  results  plotted  in  Figure  39  indicate  that  the  limiting  value  of  the  potential  discontinuity  across 
)  the  wing  plane  does  become  equal  to  the  input  discontinuity  value  as  z  approaches  zero  at  the  wing 

plane.  As  a  consequence  of  the  above,  it  is  assumed  that  the  potential  distributions  required  at  the  aft 
boundary  can  be  accurately  generated  by  a  combination  of  source  and  doublet  distributions  described  by 
a  few  low-order  polynomial  functions  coupled  with  the  discontinuity  distribution  discussed  above. 

i 

*  A  study  was  made  to  estimate  what  form  the  source  and  doublet  polynomial  distributions  should 

i  take  to  adequately  describe  the  potential  and  its  normal  derivatives  on  the  boundary  of  the  grid  region. 

1  The  jump  in  potential  on  the  aft  face  of  the  grid  region  is  taken  care  of  by  the  trailing  wake.  If  we 

;  subtract  the  contribution  of  the  wake,  the  resulting  source  and  doublet  distributions  that  satisfy  the 

boundary  conditions  will  be  continuous. 

From  a  solution  of  the  complete  finite  difference  equations  using  the  ADI  method,  the  potential  was 
calculated  on  selected  grid  boundaries  for  a  Mach  number  of  0.82  and  an  angle  of  attack  of  1  deg.  A 
I  modified  potential  was  then  calculated  by  subtracting  out  the  potential  induced  by  the  wake  aft  of  the 

downstream  boundary.  The  relatively  smooth  behavior  of  this  modified  potential  is  shown  in  Figures  40 
through  43.  The  real  part  of  the  modified  potential  is  plotted  versus  the  spanwise  variable  for  several 
values  of  the  vertical  coordinate  for  the  downstream  boundary  in  Figure  40.  In  this  figure,  large  gradi¬ 
ents  in  the  potential  were  limited  to  the  immediate  neighborhood  of  the  wingtip.  Examples  of  modified 
»  potential  distributions  in  the  vertical  direction  are  presented  in  Figures  41  and  42.  In  Figure  41,  on  the 

upstream  boundary,  the  variation  in  both  the  real  and  imaginary  parts  of  the  modified  potential  is 
smooth  except  in  the  immediate  vicinity  of  the  wing  plane.  Here,  the  potential  and  its  first  derivatives 
are  continuous  across  the  wing  plane  but  show  large  gradients  in  the  derivative  of  the  potential  with 
respect  to  z.  In  Figure  42,  on  the  downstream  boundary,  there  are  large  gradients  in  both  the  modified 
j  potential  and  its  derivative  with  respect  to  z.  Moreover,  subtracting  out  the  wake  contribution  does  not 

i  eliminate  the  rapid  variations  near  the  wing  plane  z  =  0.  This  is  easily  seen  from  Figure  43  where  the 

potential  on  the  aft  plane  from  the  finite  difference  solution  is  compared  with  the  wake  contribution  and 
l  with  the  modified  potential  resulting  from  subtracting  the  wake  contribution  from  the  finite  difference 

i  potentials.  This  would  indicate  that  a  fairly  high-order  polynomial  is  needed  to  represent  the  source  and 

S  doublet  distributions  for  properly  matching  the  interior  grid  solution  and  exterior  linearized  solution. 

|  However,  experience  has  shown  that  good  results  may  be  obtained  with  a  polynomial  of  the  form 

ax  z  +  a2  z3 


•  for  the  z  variation  when  the  flow  is  symmetric. 
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The  potential  distribution  on  the  upper  and  lower  grid  boundaries  was  found  to  be  very  smooth.  It 
was  also  found  that  the  pattern  for  the  normal  derivative  on  the  grid  boundaries  was  essentially  the 
same  as  the  potential  distribution.  The  results  of  the  study  are  shown  in  Figure  37  where  a  typical 
source  (or  doublet)  distribution  is  sketched  on  the  boundaries  of  the  grid  region. 
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10.0  MESH  PATTERNS  AND  DISTRIBUTION  POLYNOMIALS 
FOR  THE  VALIDATION  STUDIES 


The  configuration  used  for  the  validation  studies  is  an  aspect  ratio  8  rectangular  wing  at  a  Mach 
number  of  0.82  oscillating  harmonically  at  a  reduced  frequency  of  0.3  based  on  the  semichord.  The  basic 
finite  difference  mesh  is  44  x  20  x  32  grid  that,  when  used  with  OPTRAN3  with  the  two  different  point 
distributions  discussed  below,  resulted  in  pressure  distributions  that  matched  well  with  corresponding 
distributions  from  the  kernel  function  routine  RH04  (refs.  8  and  9).  For  the  basic  mesh,  the  upstream, 
downstream,  outboard,  lower,  and  upper  boundaries  are  at  x  =  -  2.5,  x  =  3.0,  y  =  12.78,  z  =  -4.5,  and  z 
=  -t-4.5,  with  the  leading  and  trailing  edges,  and  the  wingtip  at  x  =  -1.0,  x  =  1.0,  and  y  =  8.0  respec¬ 
tively.  For  the  wing  of  vanishing  thickness,  the  grid  points  were  concentrated  about  the  leading  and 
trailing  edges  and  the  wingtip.  For  the  thickness  case,  points  were  also  concentrated  about  the  shock 
location  at  the  root,  x  =  0.1.  The  mesh  patterns  for  the  x-z  and  x-y  planes  for  the  thickness  problem  are 
showi.  in  Figures  44  and  45.  For  reduced  frequencies  significantly  smaller  than  0.3,  all  boundaries 
would  have  to  be  moved  out  to  obtain  satisfactory  results  with  OPTRAN3. 

The  truncated  grids  for  TRINX3  were  obtained  by  simply  eliminating  planes  of  mesh  point  from  this 
basic  grid.  Thus  a  mesh  of  32  x  17  x  16  was  obtained  by  removing  six  y-z  planes  of  mesh  points  adjacent 
to  the  upstream  and  downstream  boundaries,  four  x-y  planes  of  points  adjacent  to  the  upper  and  lower 
boundaries,  and  x-z  planes  of  points  adjacent  to  the  outboard  boundary.  Since  the  mesh  points  are  not 
uniformly  spaced,  reduction  in  the  size  of  the  finite  difference  solution  region  is  not  directly  related  to 
the  reduction  in  number  of  grid  points. 

A  second  problem  that  must  be  addressed  is  the  solution  of  the  polynomials  used  to  represent  the 
source  and  doublet  distributions  on  the  outer  boundaries  of  the  finite  difference  mesh.  It  is  currently 
assumed  that  the  geometric  characteristics  of  the  velocity  potential  distributions  on  the  boundaries  as 
calculated  with  OPTRAN3  should  be  directly  reflected  in  the  polynomials  used  for  the  source  and 
doublet  distributions.  With  this  in  mind,  the  source  and  doublet  distributions  were  selected  to  have  the 
same  forms.  In  the  vertical  direction,  the  terms 


z  and  z3 

were  selected  on  the  upstream,  downstream,  and  outboard  grid  boundary  faces.  Because  of  symmetry 
about  the  root  chord  in  the  spanwise  variable,  the  terms 

y°,  y2,  and  y4 

were  applied  to  the  upstream,  downstream,  upper,  and  lower  faces  of  the  grid  boundary.  For  the 
streamwise  variation,  we  chose 


x°,  x,  and  x2 


On  the  upstream  face,  for  example,  this  yields  the  product  terms 

z,  zy2,  zy4,  z3,  zV2,  and  z3y4 

leading  to  six  parameters.  Similarly  six  parameters  result  on  the  downstream  face.  On  the  outboard 
grid  boundary  we  have 


and  on  the  lower  and  upper  boundaries  we  chose 

x°y°,  y2,  y4,  x,  xy2,  xy4,  x2,  xV,  and  x2y4 

leading  to  nine  parameters.  Thus  a  total  of  72  parameters  associated  with  both  sources  and  doublets  is 
required. 

Finally,  another  advantage  of  using  both  sources  and  doublets  for  the  exterior  solution  is  that  it 
allows  for  the  decoupling  of  the  boundary  points  used  for  the  inner-outer  matching  from  the  grid  points 
used  for  the  finite  difference  solution.  The  problem  size,  then,  is  reduced  not  only  in  the  number  of 
unknown  coefficients  used  to  define  the  distribution  polynomials,  but  also  in  the  number  of  points  at 
which  the  matching  conditions,  using  the  least  squares  procedure,  is  applied.  For  the  validation  studies, 
12  points  were  used  in  the  streamwise  direction,  and  eight  points  were  used  in  both  the  spanwise  and 
vertical  directions.  Thus,  96  control  points  were  used  on  the  outboard  boundary  and  64  were  used  on 
each  of  the  four  remaining  boundaries.  The  points  were  uniformly  spaced  for  all  but  one  run.  For  the  one 
case  in  the  flat  plate  study  in  which  the  points  were  concentrated  about  the  wing  plane,  a  geometric 
progression  algorithm  was  used  to  arrange  points  vertically. 


11.0  VALIDATION  STUDIES  FOR  A  WING  OF  VANISHING  THICKNESS 


Validation  studies  for  a  wing  of  vanishing  thickness  consist  of  correlating  pressure  distributions 
calculated  with  the  new  inner-outer  matching  program,  TRINX3,  the  original  finite  difference  program, 
OPTRAN3,  and  the  kernel  function  program  RH04  of  References  8  and  9.  The  configuration  used  for 
these  studies  is  an  aspect  ratio  8  rectangular  wing  at  a  Mach  number  of  0.82  oscillating  harmonically  at 
a  reduced  frequency  of  0.3. 

The  first  results,  presented  in  Figures  46  and  47,  compare  pressure  coefficients  from  RH04  and  from 
TRINX3  for  two  different  grids,  a  32  x  17  x  16  and  a  32  x  17  x  12.  The  smaller  grid  has  two  less  x-y 
planes  of  points  both  above  and  below  the  wing,  with  the  upper  and  lower  boundaries  being  correspond¬ 
ingly  closer  to  the  wing  surface.  Only  the  root  chord  and  the  second  chord  in  from  the  tip  are  presented, 
since  results  for  the  intermediate  chords  are  very  similar.  The  agreement  of  the  32  x  17  x  16  grid  with 
RH04  is  excellent.  The  smaller  grid  doesn’t  agree  with  RH04  quite  as  well  near  the  trailing  edge  of  the 
wing.  An  earlier  run  with  a  grid  size  of  30  x  17  x  16,  differing  from  the  32  x  17  x  16  grid  by  moving  eight 
columns  in  from  the  aft  boundary  instead  of  six,  showed  a  large  deviation  from  the  RH04  solution  in  the 
vicinity  of  the  trailing  edge.  This  was  corrected  by  moving  the  aft  boundary  two  columns  downstream, 
and  the  comparisons  are  shown  in  Figures  48  and  49. 

From  Figure  40  it  would  appear  that  a  better  match  with  lower  order  polynomials  could  be  accom¬ 
plished  if  the  upstream  and  downstream  grid  boundaries  were  divided  into  two  panels  at  the  wingtip,  yt, 
with  the  origin  of  the  polynomials  at  yt.  In  Figures  50  and  51,  pressures  from  the  one-  and  two-panel 
method  are  compared.  Also  included  on  the  graphs  are  results  for  the  control  points  concentrated  some¬ 
what  closer  to  the  wing  plane.  The  results  of  all  three  methods  that  use  a  32  x  17  x  16  grid  are  in  close 
agreement,  but  with  the  single-panel  method  yielding  somewhat  better  results.  Concentrating  the 
points  near  the  plane  z  =  0  improved  the  two-panel  method. 

It  has  been  noted  in  earlier  studies  that  for  small  reduced  frequencies  the  grid  boundaries  for  the 
finite  difference  solutions  using  OPTRAN3  had  to  be  moved  further  from  the  wing  to  get  accurate 
results  for  the  imaginary  part  of  the  pressure  coefficient  distribution.  Figures  52  and  53  present  results 
for  a  reduced  frequency  of  0.01  and  compares  pressures  from  TRINX3,  OPTRAN3,  and  RH04.  The 
TRINX3  and  OPTRAN3  problem  setups  are  those  used  to  obtain  satisfactory  results  at  a  reduced  fre¬ 
quency  of  0.3.  It  is  seen  that  the  matching  procedure  yields  better  agreement  for  the  imaginary  parts 
with  RH04  than  OPTRAN3,  indicating  that  TRINX3  has  significantly  better  far-field  boundary 
conditions. 


12.0  VALIDATION  FOR  A  WING  WITH  THICKNESS 


Tb  test  the  matching  procedure  for  the  flow  over  a  wing  with  thickness  in  which  the  flow  contains  a 
local  supersonic  region  with  a  shock,  we  chose  the  same  planform  as  for  the  flat  plate,  but  with  NACA 
64A010  airfoil  sections.  For  a  reference  solution,  we  chose  a  Mach  number  of  0.82  with  zero  angle  of 
attack.  The  steady  state  potential  distribution  required  as  input  to  OPTRAN3  and  to  TRINX3  was 
computed  using  XTRAN3S  (Ref.  10).  Since  the  flow  is  symmetric,  a  solution  from  OPTRAN3  can  be 
obtained  with  a  moderate  cost  by  solving  one-half  the  grid.  The  solution  using  OPTRAN3  for  a  reduced 
frequency  of  k  =  0.3  required  206  cp  seconds.  A  full-grid  solution  would  require  about  eight  times  this 
amount,  making  the  cost  prohibitive.  Using  the  same  source  and  doublet  polynomials  and  the  same 
reduced  grid  of  32  x  17  x  16  as  for  the  flat  plate,  the  TRINX3  solution  required  only  72  cp  seconds.  This 
is  about  5%  of  the  cost  of  a  full  OPTRAN3  solution. 

In  order  for  the  matching  procedure  to  be  valid,  the  Mach  number  on  the  points  inside  the  truncated 
upper  and  lower  boundaries  must  at  least  be  subsonic.  This  means  that  the  array 

uy*  =  K  -  (y  +  1)4>0  jjk 

where  K  is  like  1-M  for  M,  the  local  Mach  number,  close  to  one,  and  thus  must  have  all  positive  values 
on  the  points  just  inside  the  upper  and  lower  grid  boundaries.  On  the  vertical  plane  x(19),  the  supersonic 
zone  extends  the  farthest  away  from  the  wing  surface  at  the  root.  The  value  of  U  along  this  column  of 
points,  U(I=14,  J=2,  K),  is  plotted  in  Figure  54.  Moving  in  eight  points  from  the  original  upper  and 
lower  grid  boundaries  defines  the  z  region  where  U(I,  J,K)  at  the  point  just  inside  the  grid  boundaries  is 
always  positive,  since  the  point  Z(  10)  just  inside  the  grid  region  is  seen  to  be  positive.  However,  moving 
in  nine  points  from  the  original  upper  and  lower  grid  boundaries,  we  find  that  U  at  the  point  Z(ll)  is 
negative.  Figure  55  presents  a  map  of  the  Mach  number  in  the  full  44  x  20  x  32  grid.  The  inner  lines 
show  the  32  x  17  x  16  grid,  and  it  is  seen  that  this  is  the  closest  one  can  move  the  boundary  of  the  grid 
region  so  that  the  value  of  U  is  always  positive  and  thus  the  Mach  number  is  less  than  one.  Calculations 
with  the  32  x  17  x  14  grid  showed  poor  agreement  with  OPTRAN3.  Thus  it  appears  that  8  points  is  the 
maximum  one  can  move  the  upper  and  lower  grid  boundary  inward  for  this  particular  problem. 

Figures  56  to  59  show  the  comparison  of  results  from  OPTRAN3  and  the  TRINX3  solution  with  the 
32  x  17  x  16  grid  and  an  additional  solution  where  the  upper  and  lower  grid  boundaries  are  moved  in 
seven  rows  instead  of  eight.  The  agreement  between  the  three  solutions  is  seen  to  be  good.  The  two 
solutions  from  the  matching  procedure,  TRINX3,  are  nearly  the  same  as  we  should  expect. 

Near  the  wingtip,  in  the  vicinity  of  the  trailing  edges,  there  appears  a  dip  in  the  real  part  (fig.  58). 
This  was  eliminated  by  moving  the  downstream  boundary  two  more  columns  aft  as  is  seen  in  Figures  60 
and  61,  which  compare  the  pressure  coefficients  from  the  32  x  17  x  16  grid  with  results  from  the  34  x  17 
x  16  grid.  This  dip  was  also  noted  in  the  flat  plate  problem  (see  figs.  48  and  49)  where  it  was  eliminated 
in  similar  fashion.  However,  it  appears  that  the  aft  boundary  must  be  moved  farther  aft  from  the 
trailing  edge  for  the  thickness  case  than  for  the  flat  plate.  Increasing  the  number  of  grid  planes  in  the 
streamwise  direction  only  increases  the  computing  time  linearly  with  the  number  of  grid  points,  while 
increasing  the  number  of  x-z  and  x-y  planes  causes  the  computing  time  to  increase  as  the  cube  of  the 
number  of  mesh  points. 

We  also  made  calculations  using  the  method  in  which  the  upstream  and  downstream  grid  bounda¬ 
ries  are  divided  at  the  wingtip  into  two  panels,  with  the  origin  of  the  spanwise  variable  at  the  tip. 
Figures  62  to  6o  show  the  comparison  of  the  single  with  the  two-panel  method  and  with  OPTRAN3.  The 
two  methods  are  in  close  agreement.  The  two-panel  method  gives  results  that  are  in  somewhat  better 
agreement  with  OPTRAN3.  The  same  polynomials  for  the  source  and  doublets  are  used  in  each  of  the 
two  panels  as  in  the  single-panel  method.  Consequently,  there  are  more  parameters  in  the  two-panel 


13.0  SUMMARY  AND  CONCLUSIONS 


The  intent  of  this  research  was  to  evaluate  the  feasibility  of  a  procedure  for  reducing  the  overall  cost 
of  using  a  harmonic  finite  difference  procedure  for  analyzing  nonlinear  transonic  flow.  This  was  to  be 
accomplished  by  reducing  the  number  of  unknowns  by  using  a  smaller  finite  difference  solution  volume 
(a  smaller  number  of  mesh  points)  with  a  better  far-field  boundary  condition  achieved  by  distributing 
sources  and  doublets  on  the  outer  boundaries  to  define  a  linear  exterior  flowfield. 

The  research  was  divided  into  two  parts.  The  first  part  consisted  of  developing  a  solution  matching 
procedure  for  two-dimensional  flow  analyses,  and  the  second  part  extended  the  analysis  capability  to 
three-dimensional  flow  conditions. 

The  solution  matching  procedure  that  was  developed  for  the  two-dimensional  flow  analyses  was  one 
of  reducing  the  size  of  the  grid  network  of  the  original  finite  difference  program,  OPTRAN2,  in  both  the 
horizontal  and  vertical  direction  and  applying  source  distributions,  with  the  proper  outgoing  wave 
characteristics,  in  a  piecewise  continuous  fashion  on  the  outer  boundaries  of  the  reduced  grid. 

Inner  and  outer  solutions  were  matched  by  equating  the  potentials  and  normal  derivatives  of  the 
inner  and  outer  solutions  at  the  control  station  locations  on  the  outer  boundary.  The  number  of  piece- 
wise  continuous  potential  functions  applied  to  the  outer  boundary  was  equal  to  the  number  of  control 
stations.  Thus,  an  exact  match  in  both  amplitude  and  normal  derivative  of  the  potential  could  be 
attained  at  each  boundary  control  station.  This  exact  match  in  the  zero  thickness  analysis  case  allowed 
the  solution  unknowns  to  be  reduced  by  a  factor  of  10:1  and  reduced  the  computer  usage  costs  by  a  factor 
of  2:1.  A  5:1  reduction  in  solution  unknowns  and  a  40%  reduction  in  computer  costs  were  achieved  for 
the  finite  thickness  transonic  flow  analysis  cases.  The  inconsistency  between  the  reduction  in  computer 
usage  costs  and  the  reduction  in  the  number  of  solution  unknowns  is  due  to  the  additional  calculations 
required  to  evaluate  the  arrays  of  influence  coefficients  due  to  the  potentials  applied  to  the  outer 
boundary. 


It  appears  that  a  2:1  cost  reduction  is  the  best  that  can  be  achieved  for  the  exact  solution  matching 
case. 

The  solution  procedure  was  changed  in  the  three-dimensional  case,  since  an  exact  match  would 
require  an  excessive  amount  of  additional  calculations  that  would  negate  the  reduction  of  computer 
usage  costs. 

Computer  costs  may  be  reduced  significantly  without  compromising  accuracy  by  using  global  func¬ 
tions  to  represent  the  continuous  distributions  of  both  sources  and  doublets  on  the  outer  boundaries  of 
the  finite  difference  region  and  solving  for  the  unknowns  using  a  least  squares  procedure  for  matching 
conditions  across  these  boundaries.  The  solution  obtained  using  the  matching  procedure  applied  to  the 
analysis  of  a  rectangular  wing  of  vanishing  thickness  of  aspect  ratio  8  at  a  Mach  number  of  0.82  and  a 
reduced  frequency  of  k  =  0.3  is  in  very  good  agreement  with  results  from  the  full-grid  finite  difference 
solution  and  the  kernel  function  method.  For  small  frequencies,  the  matching  procedure  yielded  results 
that  were  better  than  those  from  the  finite  difference  procedure,  indicating  a  more  accurate  far-field 
representation.  The  solutions  using  the  matching  procedure  for  the  flow  over  a  wing  with  thickness  of 
the  same  planform  but  with  a  NACA  64A010  airfoil  section,  gave  results  in  good  agreement  with  the 
finite  difference  procedure.  The  results  indicate  that  reductions  of  90%  to  95%  (from  an  estimated  1600 
to  80  seconds  for  the  problems  considered  here)  in  computing  costs  can  be  achieved  by  the  inner-outer 
matching  procedure. 

It  appears  that  this  solution  matching  procedure  does  provide  a  viable  means  of  reducing  computer 
usage  costs.  The  initial  application  of  this  procedure  is  very  promising,  but  further  tests  should  be  made 
to  identify  the  optimum  number  and  location  of  boundary  points,  the  polynomials  for  the  representation 
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of  source  and  doublet  distributions,  and  the  location  of  grid  boundaries  to  provide  a  further  reduction  in 
costs.  As  derived,  the  method  is  applicable  only  to  rectangular  wings,  although  wings  with  small  sweep 
angles  could  be  treated  by  constructing  the  grid  in  the  manner  of  W.  Schmidt  (ref.  11).  For  wings  of  large 
sweep  and  taper,  the  basic  approach  is  feasible,  but  integration  over  the  grid  boundaries  must  incorpo¬ 
rate  the  swept-wing  transformation,  in  which  the  leading  and  trailing  edges  of  the  wing  are  coordinate 
lines. 
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Figure  2.  Spatial  Variations  of  Velocity  Potentials  on  a  Flat  Plate  and  a  NACA  64A010  Airfoil  Section. 
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Figure  3.  Spatial  Variations  of  Velocity  Potentials  on  a  Flat  Plate  and  MBB-A3  Airfoil  Section. 


Figure  4.  Suggested  Modification  of  Transonic  Solution  Procedures. 


SOLUTION  MATCHING  STATIONS 

•  •  •  . . . 


< 


INTERFACE  BOUNOARY 


(U-2)  (J--2) 
FINITE  DIFFERENCING 
EQUATIONS 
OF  INNER  FLOW 


«U-2) 

-BOUNDARY  CONDITIONS  ON 
UPPER  AND  LOWER  INTERFACE 


i _ — 


PARTIALLY  FULL  MATRIX  - 
ROWS  NONZERO  ONLY  FOR 
EQUATIONS  AT  MESH  BOUNDARIES 


FULL  MATRIX  OF  COEFFICIENTS 
FOR  EVALUATING  INTERFACE 
POTENTIALS 


2(U-2)+2(i«-2) 

VARIABLES 


Figure  7.  Schematic  of  the  Coefficient  Matrix  Used  in  Combining  Inner  and  Outer  Solutions. 
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Figure  14.  Steady  Flow  Field  Mach  Number  Variation  for  a  NACA  64A010  Airfoil  at  a  1°  Angle  of  Attack  with  M  =  0.80. 


Figure  15.  Real  Part  of  the  Unsteady  Pressure  Coefficients  Obtained  for  Oscillations  About  a  1°  Mean  Angle  of 
Attack  at  M  =  0.80. 


Figure  16.  Imaginary  Part  of  Unsteady  Pressure  Coefficients  Obtained  for  Oscillations  at  About  a  1°  Mean  Angle 
of  Attack  at  M  =  0.80. 
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Figure  18.  Real  Part  of  Pressure  Coefficients  Developed  for  a  Case  Where  the  Upper  Boundary  is  Located  in  a 
Region  Having  Nonlinear  Mach  Number  Characteristics. 


Figure  19.  Imaginary  Part  of  Pressure  Coefficients  Developed  for  a  Case  Where  the  Upper  Boundary  Intersects  a 
Region  of  Nonlinear  Mach  Number  Characteristics. 
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Figure  22.  Steady  Flow  Field  Mach  Number  Variation  for  a  NACA  64A010  Airfoil  at  a  1°  Angle  of  Attack  With  M  =  0. 78. 


Figure  23.  Mach  Number  Variation  as  a  Function  of  the  Distance  Above  the  Airfoil  for  M  =  0. 78. 
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Figure  25.  Imaginary  Part  of  Pressure  Coefficients  for  a  Network  Where  the  Upper  Boundary  Intersects  a 
Nonlinear  Region. 
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Figure  28.  Steady  Flow  Field  Mach  Number  Variation  for  a  NACA  64A010  Airfoil  at  0°  Angle  of  Attack  With  M  =  0.825. 
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Figure  29.  Mach  Number  Variation  as  a  Function  of  Distance  Above  and  Below  the  Airfoil  for  M  =  0.825. 


Figure  32.  Real  Part  of  the  Pressure  Coefficients  Developed  on  the  Leading  Airfoil  of  a  Two  Airfoil  System 
Compared  With  Coefficients  Developed  on  an  Isolated  Airfoil. 


Figure  33.  Imaginary  Part  of  the  Pressure  Coefficients  Developed  on  the  Leading  Airfoil  of  a  Two  Airfoil  System 
Compared  With  Coefficients  Developed  on  an  Isolated  Airfoil. 
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Figure  36.  Finite  Span  Wing  and  Partial  Wake  Embedded  in  Grid  Network. 
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Figure  37.  Velocity  Potential  Distributions  Evaluated  on  the  Outer  Boundaries  Due  to  the  Interior  Finite  Difference  Solution. 
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Figure  38.  Spanwise  Variation  of  the  Wake  Integral  on  the  1  Plane  Located  a  Distance  of  0.078  Chord  Lengths  Above 
the  Wingplane. 


Figure  39.  Accuracy  Check  of  Wake  Integral  Evaluation. 
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Figure  40.  Typical  Variation  of  Modified  Potential  for  Several  Values  of  z;  Downstream  Boundary,  Real  Part. 
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Figure  41.  Variation  of  Modified  Potential;  Upstream  Boundary. 
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Figure  42.  Typical  Variation  of  the  Modified  Potential  With  z  for  Several  Spanwise  Stations;  Downstream  Boundary. 
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Figure  43.  Comparison  of  Full.  Modified,  and  Wake-Induced  Potentials;  Variation  With  z  on  Downstream  Boundary. 


Figure  44.  Basic  Grid  Pattern,  x-y  Plane 
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Figure  45.  Basic  Grid  Pattern,  x-z  Plane 
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Figure  48.  Comparison  of  Pressure  Coefficients  From  Two  TRINX3  Solutions  Illustrating  Effect  of  Moving  the  Downstream 
Boundary  Aft;  Flat  Plate,  k=0.3,  Root. 
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Figure  49.  Comparison  of  Pressure  Coefficients  From  Two  TRINX3  Solutions  Illustrating  Effect  of  Moving  the  Downstream 
Boundary  Aft;  Flat  Plate,  k=0.3,  rj=0.94. 


Figure  50.  Comparison  of  Pressure  Coefficients  From  Three  TRINX3  Cases;  Flat  Plate,  k=0.3,  Root. 
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Figure  51.  Comparison  of  Pressure  Coefficients  From  Three  TRINX3  Cases;  Flat  Plate.  k=0.3,  n=0. 
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Figure  58.  Comparison  of  Pressure  Coefficients  From  TRINX3  and  RH04;  Real  Part,  ri-0.94. 


M  =  0.82,  k  «  0.3  »  OPTRAN3,  44  x  20  x  32 

RECTANGULAR  WING  +  TRINX3,  32  x  17  x  16 

ASPECT  RATIO  =  8.0  x  TR1NX3,  32  x  17  x  18 

NACA  64A010  SECTION 

WING  OSCILLATION  IN  PITCH  ABOUT  LEADING  EDGE 


Figure  62.  Comparison  of  Pressure  Coefficients  From  TRINX3  for  One  and  Two  Panel  Procedures;  Real  Part,  Root. 
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Figure  63.  Comparison  of  Pressure  Coefficients  From  TRINX3  for  One  and  Two  Panel  Procedures;  Imaginary  Part,  Root. 


Figure  64.  Comparison  of  Pressure  Coefficients  From  TRINX3  for  One  and  Two  Panel  Procedures;  Real  Part,  n~0.94. 
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Figure  65.  Comparison  of  Pressure  Coefficients  From  TRINX3  for  One  and  Two  Panel  Procedures;  Imaginary  Part.  ??=0.94 
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APPENDIX  A 

DERIVATION  OF  VELOCITY  POTENTIAL  FUNCTIONS  FOR  THE  OUTER  SOLUTION 
COMPOSED  OF  SOURCE  AND  DOUBLET  DISTRIBUTIONS  FOR  TWO-DIMENSIONAL 

FLOW 

Tb  derive  the  form  of  the  outer  solution,  we  consider  the  region  outside  the  finite  differencing  grid 
network.  The  partial  differential  equation  for  the  unsteady  potential  may  be  written  as 

y  +  1  (y  —  1) 

<PiVl  -  2iAjM<p1Xi  +  cplyy  +  A?  (1  -  M2)  CP!  =  (cp0Xi  Vixx\  +  i“>  “ "g—  Vi  Vox^.  (Al) 

where  Xj  =  x,  and  yi  =  yi  \f  K;  Ax  =  w  M/(l-M2) 

The  terms  on  the  right-hand  side  become  less  significant  with  increasing  distance  from  the  tran¬ 
sonic  zone  and  will  be  neglected  in  the  outer  solution  derivation.  We  make  use  of  Green’s  theorem  to  ob¬ 
tain  the  outer  solution  by  the  following  procedures. 


We  choose  a  singular  function, 


V  (Xlf  Yj), 


which  satisfies  LAip)  =  0  for 


-Q—t  -  2iAjM  4 — ~r  +  A2  (1  -  M2). 

ax2  3Xj  a  y2 


The  function  ip  is  singular  at  X,  =  Yt  =  0; 

Xi  =  xx  -  xi, 

Yi  =  yi  -yi. 

where  the  primes  denote  the  variables  of  integration,  and  xlf  y:  is  the  reference  station. 


Consider  the  surface  integral 


L  (ip  L(cpj)  -  c pj  L(ip))  ds, 


with  the  surface  S  being  the  region  outside  of  the  region  of  the  following  sketch  that  includes  a  circle  of 
vanishing  radius  centered  about  the  reference  point  Xj,  yv  since  LAcpj)  =  L(tp)  =  0,  the  integral  of  equation 
5  vanishes. 


Note:  Unless  otherwise  stated,  references  made  in  Appendices  A,  B,  C,  and  D  to  equations  in  these 
appendices  do  not  include  the  appendix  letter  or  parenthesis.  For  example,  in  Appendix  A,  equation  (A5) 
would  be  referred  to  as  “equation  5.” 


1 

I 


Figure  A-I.—Area  Integration  for  Green’s  Theorem 


Expanding  the  integrand  of  equation  5  results  in  the  equation 

_4  {V>UPlx'x'-2i*lMtPlx'  +  Vlyjyj  +  *1  (1  -  M2)  cpi)  -  (Pj  [if/jx^  +  2iA1M«pIx^ 

+  Vly^y'j  +  A2  (1— ds  =  0,  (At 

where  use  has  been  made  of  the  relationships 

VlX1X1  =  Vlx^j- 
Vix,  =  -  Vix; 

and  1  1 

VlYlYl  =  Vly'^. 

Rearranging  the  terms  yields  the  expression 

_4  UWlx'jXj  “  VlVxjX’]  ~  2iAlM  [£PlVx1  +  Vlx'jVl  +  tVVly’y'  -  ‘Pl^y'y’ ]}  ds  =  0, 
which  is  suitable  for  evaluating  the  integrals  of  Green’s  theorem  when  it  is  put  in  the  following  form: 

Jg  {  lv<Pixj  “  <PiVxj )  “  2i*iM  JL  (c PlV)  +  ^7  [q« ply.  -  cp^ y.]  |  ds  =  0.  (j 


The  surface  integrals  are  converted  to  line  integrals  (contour  integrals)  by  using  Green’s  theorem. 


Js4r.  ds  =  J  A  n  df 
s  ax1  -fc+c  *! 

p 

and  (A8) 

AV'’ 

p 

where  C  represents  the  contour  around  the  grid  network  and  infinite  wake,  and  Cp  represents  the  contour 
around  the  circle  of  vanishingly  small  radius  located  at  xx,  yx.  The  integral  around  the  external  circle  of 
radius  R  vanishes  as  R  approaches  infinity.  Applying  equations  8  to  equation  7  yields 

C  f  ...  dtfj  n-j  %r  ..  1  Jl  .  fl  ,  k 


L  {  v  ~dn  -  Cf>1l)n  -2i^i  M  ViVnx  }  df  =  0. 


We  now  derive  the  expression  for  ip,  using  the  equation 


VXjXj  “  2iAi  M  ipXj  +  VYjYj  +  Ax  (1  -  M  )  tp  =  0. 

We  remove  the  first  derivative  term  by  using  the  transformation 

V  (Xj,  Yx)  =  exp  (iAj  M  Xx)  ip0  (Xx,  Yx),  (A10) 

where  \p0  (Xlf  Yx)  satisfies  the  Helmholtz  equation 

VoXjX,  +  V0Y1Y1  +  =  0. 

Then  let  =  i^0(r)  (where  r  =  \f  (Xx  +  Yf ))  be  substituted  into  the  Helmholtz  equation  to  obtain  he 
the  differential  equation 

VOrr  +  Wr  +  4  VO  = 

which  is  recognized  as  being  a  Bessel  equation. 

.We  choose  the  solution  of  this  equation  to  be  the  Hankel  function  of  the  second  type, 

Vo(r)  =  Hf  (Axr).  (All) 

This  Hankel  function  may  be  approximated  for  large  values  of  r  by  the  expression 

i P0(r)  ~  exp  (-/X,r)/V/%  (A12) 

which  has  characteristics  of  an  outgoing  wave  whose  magnitude  approaches  zero  as  r  tends  to  infinity. 

We  now  integrate  around  the  small  circle  centered  at  Xj.yj,  using  an  approximation  for  the  Hankel 
function  that  is  valid  for  small  r,  that  is, 

H02,(Air>  =  -  -?n(r).  (A13) 

TT 

Since  t*in  =  \pT  for  the  circle,  the  integration  of  the  line  integral  about  the  point  xx,  yx  yields 


m 


i 


f  im  f "  tp  ^ 1  rd&  =  0 
J—4.Q  J~n  3  r 

dm  C  tprc pj  rd6  =  -^cp^x^y!). 
r-0  " 


Inserting  equations  14  and  15  into  equation  9  results  in 


(A14) 


1  ~  p  d  CPi  dlU  -| 

<Pi(xi,yi)  =  Jc  [V  <Pi  -2iAiM<p,ipnxJ  df , 


where  ti  e  contour  C  consists  of  a  clockwise  circuit  around  the  rectangle  and  the  upper  and  lower  sides  of  the 
wake.  Note  that  dcp^/dn  is  continuous  across  the  wake.  Therefore,  equation  16  becomes 


=  ii  i  [v  "a”1  -  «1  -2U,M(pxVnJ  it , 


1  r°°  dtp  , 

4iX  ' 


where  a  is  the  x  coordinate  of  the  right-hand  boundary  of  the  grid  region,  and  A<p,  represents  the  jump  in 
potential  across  the  wake. 

The  jump  in  potential  must  satisfy  the  condition  that  the  pressure  be  continuous  across  the  wake; 
that  is, 


Acplx  +  icoAtpj  =  0 


Ac pj  =  Acpa  exp(ia;(a-x)). 


(A18) 


We  now  insert  equation  10  and  equation  18  into  equation  17  and  also  regroup  the  terms  to  obtain 
the  expression 

<pl(Xl,yi)  =  £  exp  (-iAjMxJ)  [  -2iA1M=Plnx)  Vo~V:^  ]  dt 

~  expliAjMx!)  J  expl-iAjMxilexpl-iwlx'i-a))-!^2  dx'.  (All 

41  a  dy1  y.  o 
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This  equation  is  put  into  a  shorter  form  by  noting  that  vo  and  dip^dn  represent  sources  and  dou¬ 
blets  and  that  the  multiplier  coefficients  are  strength  distributions  designated  as 

[d  cp  j  « 

-2iA1mcp1nx  (A20 


M  =  ~  expi-iAjmxi)  cpi- 


Thus  equation  18  is  reduced  to  a  form  given  by 


expiiAiMxj)  f  exp(-icu(xi-a))  exp(-iAMxi)— ^2  dx'. 

4i  Ja  ®yi  y;-0 


where 


Vo  =  HfUivAixi-x;)2  +  (yj-yi)2)) 

=  Hq2)  (A^Cx-x')2  +  K(y-yf)) 


Equation  19  is  the  final  form  of  the  equation  used  to  define  the  potential  distribution  in  the  region 
outside  the  finite  differencing  grid  network. 
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APPENDIX  B 

DEVELOPMENT  OF  THE  EQUATIONS  FOR  COUPLING  LINEARIZED  FAR-FIELD 
POTENTIALS  WITH  THE  FINITE  DIFFERENCE  NEAR-FIELD  POTENTIAL  FOR 

TWO-DIMENSIONAL  FLOW 


We  establish  a  source  distribution  on  the  boundary  of  the  finite  difference  mesh  and  match  the  solution 
from  this  source  distribution  plus  the  infinite  wake  with  the  finite  difference  solution.  Let  the  exterior 
solution  be  given  by  the  sum  of  the  potentials  due  to  source  distribution  on  the  exterior  boundary  and  the 
potential  due  to  the  wake. 


where 


< pe  =  exp  (iAjMx)  ip(x,y)  +  cpw, 


V(x,y)  =  -  7 -  f*2  {ou(x')?0(uu)  +  od(x')f0(ud)}  dx' 

41  •'a\ 

-  j^2  {o,(y')f0(uf)  +  or(y')f0(ur)}  dy'. 


cp w  is  the  potential  due  to  the  wake.  Here  o(x’)  and  o( y')  denote  the  source  distribution  in  the  y  = 
constant  and  x  =  constant  boundaries  of  the  mesh,  respectively.  The  u  variables  with  the  subscripts  are 
defined  by 


uu  =  (V2F  { (x-x')2  +  K(y-b2)2  }. 
ud  =  (Aj/2)2  { fx-x')2  +  K(y— bj)2  }, 
uf  =  CA1/2)2  {  (x-a,)2  +  K(y-y')2  }, 


ur  =  (Aj/2)2  { (x-a2)2  +  K(y-y'P  }. 


The  subscript  u  denotes  the  upper  boundary;  d,  the  lower  boundary;  f ,  the  left  boundary;  and  r,  the 
right  boundary.  The  functions  fn(u)  are  related  to  the  Hankel  function  of  the  second  kind  bv 


fn<U)  =  (2/z)n  Hn'lz), 


Note:  Unless  otherwise  stated,  references  made  in  Appendices  A.  B,  C,  and  D  to  equations  in  these 
appendices  do  not  include  the  appendix  letter  or  parenthesis.  For  example,  in  Appendix  A,  equation  <  A5 1 
would  be  referred  to  as  "equation  5  ” 
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where  u  =  (z/2)2  =  {\XI2?  [(x-xf  +  K(y-yf]. 


Then  z  =  Xx\f  ((x-x')2  +  K(y-y')2)-  The  function  fn(u)  has  the  following  property: 


W  =  -dis¬ 


continuity  must  be  maintained  in  the  potential  distribution  and  in  its  normal  derivative  across  the 
interface  boundary  that  separates  near-field  and  far -field  equations.  These  conditions  applied  to  the 
upstream  boundary  at  x  =  a!  and  y  =  y,  are  expressed  as 

<P2j  ~  <Plj  =  9cPe 

x2-x2  3x  x=aj  (B7) 


<fi2}  +  <Plj  _ 


These  relations  may  be  combined  in  the  more  convenient  form 

<f2j  =  <pe  +  Axj  cpeJ2 


<Plj  =  <Pe  -  Ax2  «pe  /2, 


where  Ax,  =  x2  -  xx. 


Similarly,  on  the  downstream  boundary  x  =  a2,  the  boundary  conditions  become 


+  V'm-V  _ 


=  tPe  (a2.yj>- 


<P,mj  =  V*  (a2-yJ)  +  tom  <Pe*  (a2,yj)/2 


<Pim_u  =  <Pe  <a2.yj)  -  tom  cp„  (a2,yj)/2. 


rJVWJVJWOTW  TWTTOWnxnjrW 


On  the  upper  boundary,  y  =  b2,  we  have 


"  {Piim_1)/(yjn,-yjln-1)  =  9ey(Xi,b2) 


and  these  simplify  to 


<Pij m  =  Ve  (Xj.bj)  +  Aym  cpey  (Xj,b2)/2 


=  <Pe  (Xi.bj)  -  Aym  cpey  (xjtb2)/2, 


where  Aym  =  yjm 

-  (yj  ).  yjm  and  xim  are,  respectively,  the  maximum  values  of  yj  and  x,  in  the  mesh. 
Similarly,  on  the  lower  mesh  boundary,  y  =  blt  we  have 


<Pi2  =  <Pe  (Xj.b,)  +  Ay,  cpey  (Xi,b,V2 


«Pii  =  «Pe  (*i>bj)  -  Ay,  cpey  (Xj.b^/2, 


where  Ay!  =  y2  -y!- 


The  Derivation  of  the  Exterior  Potential  and  Its  Derivatives 


We  now  evaluate  the  quantities  cpe,  c pex,  and  cpey  on  the  required  boundaries.  From  equation  (1),  we 


cpex  =  expii^Mx)}^/,,  +  iAjMi*;}  +  c pv 


(fiey  =  eXpG^MX^y  +  (fiW y. 


A ■'.V.V./AA  AWAAA A  AA  A XV AAA -c 


Now 


w  ww  wwjvnrwww»r.'VVVJV'Mvj,»’i  w  v^^rwvwvv 


B 


vx  =  ra2  [oJx'^Uu)  +  o^x'^UdJKx-x'Jdx' 

8l  -'a1 


(B16) 


A?  rb2 


+  p-  f  2  [ofCy'^jCUeXx-ai)  +  OjCy'^Uj-Xx-aa^dy'. 
81  -'bi 


Since  we  require  \px  onb’  on  the  left  and  right  mesh  boundaries,  we  take  the  limit  as  x-'aj  from 
outside  the  mesh  boundary,  that  is,  for  x<ax.  From  page  49  of  Reference  4,  this  is  seen  to  be 


fim  r  A?  /-b, 


x-'-aj 


“  {  8l-C  2  °e(y'Xx-ai)f1(uf)dy'}  =  -of(y)/(2vrK). 


(B17) 


Also  taking  the  limit  as  x-*a2  from  values  outside  the  boundary,  that  is  for  x>a2,  we  obtain 


fim+  {  $  fb 2  or(y’Xx-a2)f1(ur)dy'  \  =  +or(y)/(2vOC). 

X“^E2  v  Ol  ■'bi  J 


(B18) 


Then  on  x  =  aj  the  derivative  with  respect  to  x  becomes 

,2  a 

Vx  =  f  2  [Oufx'X’jfuJ  +  o^x'^iujlHaj-x'Xix' 

ol  -/ai 


(B19) 


-o,(y)/(2^K)  +  A'(ai  V  Jb2  o.fy'^Kldy', 

Ol  •'hi 
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where 


uu  =  Af  [(a^-x'f  +  K(y-b2)2J/4, 


Ud  =  Af  t(a2-x')2  +  KCy-b^lAf, 


u,  =  Af  [(a2- a^f  +  KCy-y')2]^. 


Note  that  u,  in  equation  22  equals  u,.  in  equation  20. 
Differentiation  with  respect  to  y  yields 


i2t r  a 

H>y  =  f  2  [Ou(x%(uuXy-b2)  +  OdCx'lfjCUdXy-bi)]  dx' 
ni 


fb2  [0f(y%(u  )  +  or( y'lfjiu,)]  (y-y')dy'. 
ol  -'bi 


Thking  the  limit  as  y—b2  on  the  upper  boundary  for  points  outside  the  mesh,  or  y>b2,  leads  to 

fim  (  fa 2  ou(x')fi(uuXy— b2)dx'  \  =  ^K(o(x)/2)  (B24) 

y~*b2  t  oi  Jai  ) 

as  found  on  page  49  of  Reference  4.  The  derivative  with  respect  to  y  on  the  upper  boundary  then 
becomes 


Vy  =  \/’K(ou(x)/2)  +  A^K(fe  bl)  fa2  od(x%(ud)dx 
8l 


where 


+  ^  fb2  [o,(y'Ki(u,  +  OrCy'XjiUrlXbz-y'My', 

8l  ■'bi 


ud  =  Af  [(x-xf  +  KOoz-bj)2^, 


u,  =  Af  [(x-aj)2  +  K(b2-y')2]/4, 


^  =  Af  [(x-a2)2  +  K(b2-y  'f]/4. 
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Similarly,  for  y-^bj  and  y<bu 


where 


=  AjK(bx  b2)  ra2  0u(x^i(Uu)dx'  _  vTC(ad(x)/2) 
ol  -'a^ 

b 

4  -1—  f  2  [Of(y%(u,)  +  or(y’)f1(ur)Xb1-y,)dy') 

8l  Jbi 


Uu  =  A2  [(x-x')2  4-  K^-b^lM, 


u f  =  AfKx-a,)2  4  KCbj-y')2^, 


u,.  =  A2  [(x-a)2  +  KCbi-y')2^. 


We  now  represent  the  integration  over  the  mesh  boundaries  in  terms  of  the  sum  of  integrals  over  the 
basis  functions.  For  the  source  distribution  over  the  upper  mesh  boundary,  this  can  be  expressed  in  the  form 


X. 


f  2  OuCx'lfoluJdx'  =  X  oUi  f  oi(x'X’0(uu)dx', 

Jai  i_2  “Vl 


where  0;(  ')  represents  the  equation  for  the  first-derivative-continuous  source  distribution  of  figure  6. 
Thus: 


Oj(x ')  =  1  -  3(Xj~x'f/df  4  2(Xj-x')3/df  for  x,_,  <  x'  <  x,. 


o/x')  =  1  -  Slx'-x^/d^,  4  2(x'-xi)3/df+1  for  x,  <  x' <  xH 


6,  =  x.-Xj.,, 


and  =  unknown  coefficient  multiplier  (to  be  determined). 

For  the  summation  in  equation  29  to  represent  the  limits  a!  to  a2,  we  must  replace  x2  by  (Xj  4  x2)/2  =  a: 
and  x,  by  (x,  ,  4  X;  )/2  s  a2.  The  coordinates  y,  and  y,  must  be  changed  in  a  similar  manner. 

m  l  m  *  Jm 


Equation  30  has  the  property  that  the  function  o,  and  its  first  derivative  are  continuous.  Note  that 
f0(u)  =  H^Ujr),  where  r  takes  on  the  definition  of 


r  =  vr[(x-x')2  4  K(yjm-y,)2] 


(B31) 
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for  the  particular  case  of  evaluating  the  potential  on  the  upper  boundary  at  x,yjm  due  to  sources 
distributed  on  the  lower  boundary  at  y'  =  yt. 


Then  the  integral  in  equation  29  takes  the  form 


fXi+1oi(x')H,o2’  Ujrldx'  =  rXi  [1  -  3{Xi-x')2/df  +  2(Xi-x')3/d3]  H^2'  (A,r)dx' 


+  J"*1+1  [1  -  3(x'-x2)2/d2+1  +  2(x'-xi)3/df+1]  Hq2)  AjCrldx'. 


(B32) 


In  the  first  integral  on  the  right-hand  side  of  equation  32,  we  introduce  the  variable 


t  =  (Xj-x'ydj  or  x'  =  Xj-tdj. 


(B33) 


In  the  second  integral,  we  let 


t  =  (x'-xi)/di+1  or  x'  =  Xj  +  td1+1. 


(B34) 


Then  the  two  integrals  combine  to  give 

fX’+1  Ojlx'lHo1  (Ajrldx'  =  f1  [1  -  3t2+2t3]  (d,^2’  (A^x^x-td,)2  +  K(yjm-yi)2)] 


'*i-l 


+  di+I  Hq1  (Aj  VKxj-x+t d1+1)2  +  K(yjm-yi)2)]}dt 


(B35) 


We  perform  this  integration  numerically  by  using  a  four-point  Gaussian  quadrature  formula.  Thus  the 
integral  becomes 


*i— 1 


f  X'+1  Ojlx'lHo2’  (Ajrldx'  =  £  Wtk(l  -  3  t2k  +  2tg)  {d,H(02’  (AlNA[(x,-x-tkd,)2  +  KCy^-yj)2)] 
Jr  ■  k=l 


+  d1+1H,02l(A1  ^x,-x  +  tkd1+1)2  +  K(yjm-y!)2)]}. 


(B36) 


The  formula  can  be  farther  simplified  by  defining  new  weight  functions, 

Wtk=(l-3t2k  +  2t3k)Wtk, 


(B37) 
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and  we  obtain 


f*i+1  Oj(x')Ho2) UjrJdx'  =  ±  Wtk{<5iHg!)(A1^[(xi-x-tkdi)2  +  Kfy^-y/)] 
J*i-1  k“l 


+  d1+1H(02'(A1^[(x1-x+tkd1+1)2  +  K(yjm— y,)2)]}. 


We  define  a  new  variable  in  order  to  simplify  the  expressions.  We  let 


Xokjjf  =  r,+1  o.fx')^  (An  Vr[(xk-x')2  +  Kfyj-y^Ddx', 

J*i-i 


where  the  potential  is  evaluated  at  xk,  yj  for  the  source  distribution  located  at  y=yf,  and  x'  ranges 
between  x'  =  Xj_i  and  x'=xi+1. 

We  now  consider  integration  along  the  y  axis  analogous  to  equation  38  and  obtain  the  expression 
with  another  new  variable  defined  as 


Yo*,  =  f^o/y'lrfo1  (Ax  '/[(x,-xk)2  +  K(y  -y'fpdy', 
yj-i 

=  X  W^Hfa^-x/  +  K(yryf-tmd/]) 

m-1 

+  dj+1Ho<2)  (Aj  ^[(x.-x,)2  +  K(yryf  +  t mdj+lf])},  (B40) 

where  the  potential  is  being  evaluated  at  Xj,  y,  due  to  the  source  distribution  located  at  an  xk  station,  and 
y'  ranges  between  y'=yj_,  and  y'=yJ+1. 

Equations  38  and  40  can  be  put  in  the  same  form  by  noting  that,  in  terms  of  the  variables  x  and  \/"K 
y,  the  Hankel  function  is  symmetric.  Thus  we  write  for  equation  39 


Xokijf  =  X  Wtn{H‘02U1vr[(x1-xr-tmdi)2  +  K(yry  )2])d, 


+  di+,H0<21  (At  vr[(x,-xk  +  tmdi*,)2  +  K(yj-y  )2])}. 


Hence,  we  have 


Xokijf  =  HSO  (xk,x,_,  ,x,,x,*,  ,vrKyJ,vrKyf,A1 ). 


T»,r».r 


where  the  zero  implies  that  the  Hq2)(£)  Hankel  function  is  being  used. 


The  k  represents  the  x  station  where  the  potential  is  being  evaluated,  x=xk. 
i  represents  the  x'  location  of  the  source  distribution  x'=x,. 
j  represents  the  y'  location  of  the  source  distribution  y'=yr 
(  represents  the  y  location  where  the  potential  is  being  evaluated,  y=yf . 

Similarly,  we  write  equation  40  in  the  form 

Yokyf  =  I  Wtk  U^-qf-U/  +  (Xr-x,)2]) 

V  n-l 

+  dj+i  Ho2>(AiVr[(»)j-*7f+tndj+,)2  +  (Xfc-x,)2])},  (B43) 

where 

rj  =  Vrky;  dj  =  r Jj-bj-il  anddj+i  =  rjj-t-i— »7j- 


Comparing  equations  41  and  43,  we  see  that 

Yokyf  =  ^  HSO  O/Ky, ,  v/Tty.,,  vTfy,  vrKyJ+1,  x„  xk,  Aj). 


(B44) 


We  now  derive  similar  integration  formulas  for  the  integrals  in  equation  19.  First  consider  the 
integral  along  the  downstream  boundary  that  contributes  to  the  potentials  on  the  upstream  boundary  given 
as 


So  f Vj+1  o/y'KiO^My'. 
yj-i 


This  is  evaluated  by  inserting  the  definition  of  f^u,)  that  is  given  by  equation  4  as 


*i(u)  =  2H fm, 

where 

£  =  *i  '/[(xj-x^)2  +  K(y— y '?]. 

In  the  subroutine  call,  the  subscript  is  changed  from  0  to  1  to  denote  that  the  integrand  contains  the 
function  H\2)(£)  instead  of  Hq2>(£). 


3 


Hence  we  write 

Yllimjr  =  J^'o/y'Wdy' 

=  1  Wtk  {26^m  +  2dJ+1H<12)(i1)/41}, 

k-i 

where 

4  =  ^[(Xi-x^)2  +  Kty-y,-^)2] 

and 

4i  =  *i  Vl&i-x-iJ2  +  K(yj-y, +tkdj+1)2]. 

Similarly,  the  first  integral  in  equation  25  becomes 

f2  od(x%( ud)dx'  =  2  odi  f  o^x'^Cujldx', 

Jai  i-2  Jxi_, 

and 

i 

f  *i+1  Oj(x')fj(ud)dx'  =  2  Wtk  {2diH<12,(4)/4  +  2di+1H<2)(41)/41}, 

J*i-\  n”l 

where 

4  =  Ax  n/~[(Xj  x  tnd j)2  +  KCy^-yj)2] 

and 

4!  =  Aj  \/'[(xi-x+tndi+1)2  +  K^-y/]. 

Replacing  yl  and  yJm 

i 

, 

by  yj  and  yf  and  x  by  xk,  we  write  for  equation  48 

Xlkij,  =  rX'+1oi(x')f1(u)dx'  =  HS1  (xk,x,_1,xi,xj+I,vrKyj,VrKyf.A1). 

*i-l 

Also,  equation  45  can  be  written  as 

=  Jyj+1  Oj(y%(u)dy'  =  -^HSl  (vrKy/,vrKyJ-i,vrKyJ,vrKyj+i,x„xk,A1). 

t.*  f.l 1  lj ‘| j'MlfiLM ' Mli.M.t* 


We  now  consider  the  integrals  in  equation  21  that  have  a  factor  (xk-x')  in  the  integrand: 


2m-l_  U] 


f  2  ou(x%(uXxk-x')dx'  =  £  oui  f  Oi(x%( uXxk-x')dx', 

-%1  i-2  “'xi-l 

where  u  =  AiKxfc-x')2  +  Kty-y  /f]/4. 


Inserting  the  expression  for  the  first-derivative-continuous  source  distribution  for  o,  yields 


f  1+1oi(x')f1(uXxk-x')dx'  = 


fXi  [1  -  ^x-xf/df  +  2(xj-x')3/d3]f1(uXxk-x')dx' 
J*i-1 


+  f  Xi+1  [1  -  Six'-xf/dh  4  2(x'-xi)3/df+IKi(uXxk-x')dx'. 

~T\ 


Introducing  the  variables  of  equations  33  and  34  leads  to  another  variable  Xikijf  >  where  1  denotes  the  use  of 
the  Hankel  function  of  order  1. 


The  k  represents  the  x  location  where  the  potential  is  being  evaluated,  x  =  xk. 
i  represents  the  x'  location  of  the  source  distribution  x'  =  x,. 

(  represents  the  y'  location  of  the  source  distribution  y'  =  yf . 
j  represents  the  y  location  where  the  potential  is  being  evaluated,  y  =  yj. 


So  that 


Xikl;f  =  f  1+1oi(x')f1(uXxk-x')dx' 
Jx\-\ 


=  f1  [l-3t2-t-2t3]{di(xk-xi+tdi)f,(u0) 


+di+I(xk-xj-tdi+I)f1(u1)}dt, 


where 


Uo  =  A2  [(Xfc-Xj+tdj)2  +  K(yj-yf)2]/4 


u,  =  Af  [(xk — Xj — dj^.,)2  +  Kty-y,)2!^. 


By  the  Gaussian  quadrature  formula, 


X,kw  =  Z  Wtm  { dj(xk — Xj  +  t^dj^.Uo 


niXjBanQftUV 


22 


•to 


I 
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where 


+di+1(xk-xi-tmdi+1)f1(u1)} 

(B57) 

HSX(xk,xi_1,xi,xj+1,vrKyj,vrKyf,A1), 

(B58) 

Uo  =  A?  t(xk— Xj+t^dj)2  +  K(yf  — yj)2^ 

(B59) 

Ui  =  A2  [(xk-x-tmdi+1)2  +  K(yt-y/V4. 

(B60) 

Consider  now  the  integrals  in  equation  23.  We  have 

J^2  o,(y%(uXy-y')dy'  = 

I  fffj  fyj+1  OjCy'^uXy-y'Wy'; 

j-2  Jyj-i 

and,  analogous  to  equation  40,  we  write 

/^'ojly'^UiKy, -y')dy'  = 
yj-i 


~  wtn  |  d/x  (uoXq,  -  qj  +  t„  dj)  +  <5j+1  fj  (Uj)  (rjf  — rjj  -  tn  dj+1)  J 

=  ^  HSX  (x/TCy,,  vTCyj-j,  vTCyj,  VrKyj+1,  xi;  xk,  Aj), 

Uq  =  A?  [(x,  -  Xyf  +  (q,  +  rjj  +  tn  d/J/4, 

ui  =  A2  [(Xj  -  +  (q,  -qj  -  tn  dj+i)2]^, 


where 


dj  =  hj  -  hj-1  ;  dj+i  =  qj+,  -  qr  (B66) 

We  can  now  write  down  the  equation  for  ip.  Using  equations  39  and  40,  equation  2  can  be  written  as 

1  im-1 

<xi.yj)  =  -  X  [°uk  Xoikjnj)  +  °dk  ^Oiklj] 
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where  now  we  designate  xx  and  xim  as  the  x  mesh  boundary  and  yx  and  yJm  as  the  y  mesh  boundary. 

We  now  write  the  expressions  for  the  normal  derivatives  required  in  the  coupling  procedure. 

On  the  upstream  boundary,  where  x  =  ax,  the  x  derivative  defined  by  equation  19  is  now  given  in 
summation  form  as 

A?  ‘“T1 


Vx  (Xl>yj)  2  [°ui  ^llijjnJ  °di  ^llilj] 


Affx^-Xj  )  1  r  . 

8.  “■  2 


(B68) 


Similarly,  equation  21,  which  represents  the  x  derivative  on  the  downstream  boundary,  is  reduced  to  a 
summation  form  given  by 


j2  %  1  ^ 

Vx  (xim>yj')  =  g]  ^  [°ui  XUmii„J  +  °di  Xlimilj] 


(B69) 


A?  (xim  -  *!> 


im  1 


+  orj/(2vrK)  +  ~~gj  ~  k?2  [afkYlimlkj], 


The  y  derivative  on  the  upper  boundary  of  equation  25  becomes 


A?K  (y,  —  yi)  ‘m  1  r  t 

Vy  (xi>yjm)  =  \TK  oul/2  +  — —  I  odk  XllklJ 

k-2 


©70) 


K  jm  1  r  ~  ru  i 

+  gj  X  YliiuJjjmJ. 


j-2 


The  y  derivative  on  the  lower  boundary  (y  =  yt)  of  equation  27  takes  the  form 


Vy  (x,,  yi)  =  -  Od,  \/~KJ2  + 


Ai  K  (yi  -  yJm)^-] 


8i 


2  °uk  Xlikjml 
k-2 


©71) 


1?  K  im  1  r  ~  ~  T 

+  V  I  [°fj  Yiiiji  +  Y^inji]- 

j-2 

Having  formulated  the  expressions  of  y>,  vx,  and  ^y,  we  are  ready  to  formulate  the  expressions  that 
couple  the  linearized  far-field  equations  with  finite  difference  near-field  equations  on  the  boundary  of  the 
grid  network. 
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We  equate  the  potentials  at  stations  of  the  finite  differencing  grid  network  that  are  located  one 
station  ahead  and  one  station  behind  the  forward  boundary  by  the  relationships  given  in  equation  8, 
which  are  expanded  to  give  the  expressions 

cpij  =  exp(iA1Mx1)  £  (l-iA1MAx1/2)  qXxj.yp  -  ^  ipjx^y^  J 


+  -  AxjcpWi/ 2 


(fi2 j  =  exp(iA1Mx1)  [  (l+iAjMAx^)  tp(x1(yp  +  ^  i/»x(xlfyp  ] 


+  cpw  +  Ax1q>w  /2. 


Substituting  equations  67  and  68  into  the  first  of  equations  72  leads  to 


where 


f  r  1,11-1 

cpij  =  eXiAiAjMxP  <  Cj  I  ]£  0u|Xoiijmj  +  °diX<)lilp 

v  L  i-2 


i  Ax,  Ofj 

+  Z^OfkYoilkj  +  0rkYoiimkp  J  +  —  27k 


+  C2  f  X  ou,  xllijmj  +  odi  Xnilp 

L 


Jm-i  i  ■»  Ax 

+  (*i-x,m)  I  orkYUimkj  J  |  +  cpw  - -f  ¥wx. 


Cl  =  id  +  iAjAxj^lM  and  C2  =  iAiAxj/16. 


Here,  i  =  \f- 1  instead  of  the  subscript  value. 


The  double  subscripted  sigmas  of  equation  73  represent  the  unknown  coefficient  multipliers  of  the 
individual  source  distributions  that  are  distributed  on  the  outer  boundary  shown  in  figure  8. 

ouj  is  associated  with  the  sources  distributed  on  the  upper  boundary;  odi  is  associated  with  the 
sources  on  the  lower  boundary;  of]  represents  the  source  strengths  on  the  upstream  boundary;  and  orj  is 
applicable  to  the  downstream  boundary  source  strengths. 

There  are  (im— 2)  variables  on  the  upper  and  lower  boundaries  and  (jm — 2)  variables  on  upstream  and 
downstream  boundaries.  The  variables  are  numbered  by  beginning  with  the  source  distribution  on  the 
upper  surface,  followed  by  the  sources  distributed  on  the  lower  surface,  then  those  on  the  upstream 
boundary,  and  ending  with  the  distributions  on  the  downstream  boundary. 


J 


We  replace  the  double  subscripts  by  a  single  subscript  k  that  progressively  increases  in  value 
around  the  periphery  of  the  boundary  and  is  designated  as 

o^  for  2  <  i  <im-l,  ok;  k=l  to  (^-2) 

oA i  for  2  <  i  <im-l,  ok;  k=(im-l)  to  2(im-2) 

Oj  for  2  <  j  ok;  k=2(im-2)+l  to  2(im-2)+jm-2 

Ujj  for  2  <  j  <jm-l,  ok;  k=2(im-2)+jm-l  to  2(im+jm-4). 

(B75) 

Thus  the  total  number  of  source  variables  is  seen  to  be 

NS  =  2(im-2)  +  2(jm-2).  (B76) 

We  designate  the  coefficient  of  on  in  the  nth  equation  as 

w(m,n). 

Hence  the  equation  73  may  be  written  for  the  j-1  equation,  for  2  <  j  <  (jm-l),  as 

NS 

<Pij  =  1  W(j-l,k)ck  +  cpw  -  AXitp^. 

k-i 

The  W(j-  l,k)  terms  are  coefficient  multipliers  of  source  strengths  for  equations  that  define  the  potentials 
at  stations  located  one  station  forward  of  the  upstream  boundary. 

W(j-l,i-l)  =  expfi^Mxj)  (C1X01ijmj  +  C2  XUUmj] ;  2<i<im-l 

W(j-l,imax+i-3)  =  exp(iA1Mx1XC1X01ilj  +  C2  Xuilj] ;  2<i<iro-l 

W(j-l,2imax+k-5)  =  exp(iA1Mx1XC1Youkj  +  Ax!(5ik/(4\A)] ;  2<k<jm-l 

©77) 

W(j-l,2imax+jmax+k-7)  =  exp(iA1Mx1XC1Y01lmkj  +  (xj-XilCaYn^j ;  2<k<jm-l 

The  equations  that  couple  the  linearized  far-field  equations  with  finite  differencing  near-field  equations 
for  mesh  stations  that  are  located  one  station  downstream  of  the  upstream  boundary  are  given  by  the 
expression 

<p2j  =  exp(iA1Mx1)  J(l+iA1MAx1/2)y>(x1,yj)  +  vx(xi.yj)]  ©78) 

+  tPw_AXlcPw*/2. 

Inserting  the  expressions  for  i*>(xltyj)  and  v>x(xi>yp  of  equations  67  and  68  into  equation  78  yields  the 
expression 
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f  r  l<n_1 

cp^j  =  exp(iA1Mx1)  j  -C^  [  Z  (oUiXoiymj  +  Od.Xomj) 

Jraax- 1  .1  AXi 

+  I2(OfkYoilkj+OrkYoiimkj)  ]  -  0,j 


'max-1 

~  C2  J  I  (°ui  X  llijmj  +  Odi  Xiiixj) 


Jmax-2  m  \ 

+  ^I'^max^j^llimly  J  }  +  <Pw  + 


where  Cj  is  the  conjugate  of 


The  W  coefficients  of  the  source  strengths  are  then  defined  by  the  equation 


<*>2j  =  £  W(jm+j-3,k)ok  +  cpw  +  Ax1cpwl/2, 

k-l 


where 


W(jm+j-3,i-l)  =  expUAjMxj)  [-C^^j  -  C2  XUijmJ] ;  2<i<im-l, 
W(jm+j-3,im+i-3)  =  exp(iA1Mx1X-C1X0U1j  -  C2  Xlluj] ;  2<i<im-l, 
W(jm+j-3,2im+k-5)  =  exp(iA1Mxi)[— C^oukj  “  ^^dik]  ! 


W(jm+j-3,2im+jm+k-7)  =  exp(iA1Mx1X-CiY01imkj  -  (Xj-x^jCaYn^];  2<k<jm-l.  (B80) 

In  like  manner,  we  now  establish  the  W  coefficients  for  the  mesh  potentials  located  on  either  side  of 
the  downstream  boundary.  The  equations  for  the  potentials  at  mesh  stations  that  are  one  station 
upstream  and  one  station  downstream  of  the  downstream  boundary  are  obtained  from  equation  10  as 

=  expliAjMx.J  [(l-iA1MAxm/2Mxlm,yj)  -  Axmipx(xin.jrj)/2] 

+<Pw-AxmcpWI/2  (B81) 


cplmij  =  expliAjMx^)  [(l  +  iA1MAxm/2)tp(xlm,yj)  +  Axmip(ximorj)/2] 


+  cPw  +  AXmVwx/2- 


Inserting  the  expressions  for  and  at  the  downstream  boundary  (equations  67  and  69)  into  the 
first  of  equations  81  results  in  the  equation  that  defines  the  potential  along  a  vertical  line  of  mesh 
stations  located  one  station  ahead  of  the  downstream  boundary. 

=  ^P(i^MXlm)  {C3  [  I  (ouiXoimUmj  +  odiXolmjlj) 
im~*  _ 


_  r  ‘m  _  _  im”*  . 

+  1  2  M.wu  +  +  (x'm"xi)2:,  J 

j*2  * 


+  <Pw  -  tem<Pwr/2' 

where 


(B84) 


C3  =  i(l-iA1MAxm/2)/4, 


C4  =  iAxm^/16, 


and 


i-V'-l. 


The  W  coefficients  are  then  defined  by 


NS 

<Pim-ij  =  'L  W(2jm+j-5,k)ok  +  q>w-Axmq>WJt/2, 
k-1 

where 

W(2jm+j-5,i-l)  =  exp(U1Mxi]n)  [C3Xo,mijmJ  +  C4  Xlimymi] ;  2  <  i  <  im-2, 
W(2jm+j-5,im+i-3)  =  expfiAjMxjJ  [C3X0lmlij  +  C4  Xlimilj] ;  2  <  i  <  im-2, 

(B85) 

W(2jm+j-5,2im  fk-5)  =  expUAjMxJ  [C3Y0imlly  +  (xim-Xl)C4Yllmlkj) ;  2  <  k<  jm-l, 

and 


W(2jm+j-5,2im+j(n+k-7)  =  expfi^MxJ  [C3Y0i[nlmkj  -  Axmdjk/(4^K)] ;  2  <  k  <  jm-l. 


The  equations  for  the  potentials  along  a  vertical  line  one  mesh  station  aft  of  the  downstream 
boundary  are  obtained  by  inserting  equations  67  and  69  into  the  second  expression  of  equation  81,  which 
yields 


=  exP(i*iMxim)  {  -C3  [  I  (oulX0imUmj  +  od.X0imilj) 

+  22(O/kY0imllg  +  OrkY0lm,mkj)] 

*m_* 

Jm-1  v 

+  (xim'xi)  2(o/kYllmlkj  ]  +  Axmdk/(4vTK)  I  (B86) 

+  <Pw  +  AxmcpWI/2. 


The  potentials  given  in  terms  of  the  W  coefficients  are  then  defined  as 

NS 

<Pimj  =  2  W(3jm+j-7,k)ok  +  <pw  +  AxmVwt/2; 


where 


W(3jm+j-7,i-l)  =  expliAiMxJI-CaXoi^j  -  C4Xlin)ijmj], 


and 


W(3jm  +  j - 7 ,im + i - 3)  =  expCiAxMxjJ  [-C3Xoimiy  -  C4Xlimilj], 


(B87) 


where  2  <  i  <  im — 1;  and  where 


W(3jm+j-7,2im+k-5)  =  expiUjMx.J  [-C3Y0imlkj  -  C^-x^Y^^], 


and 


W(3jm+k-7,2im+jm+k-7)  =  expfiAjMx.J  [-C3Y0lmimk;  +  Axmdjk/(4vrK)  ], 
where  2  <  k  <  jm-l. 


We  now  establish  the  equations  that  couple  the  linearized  far-field  equptions  with  the  finite 
difference  equations  across  the  lower  boundary  by  inserting  equation  15  into  equation  13  and  obtaining 


>  a  i>„*  «*fi  if 
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<Pii  =  expOAjMxj)  |  vfXj.yj)  -  ^  Vylxj.yj)  }  +  <fv  -  Ay^^ 


<Pi 2  =  expUAiMx;)  |  ^Xi.yj)  +  ^  ^(x^)  }  +  <pw  +  Ayi<PwA 


Inserting  equations  67  and  71  into  the  first  of  equation  88  yields  an  expression  that  is  applicable  for 
stations  located  one  station  below  the  lower  boundary. 


/  r  ‘in  1 

<Pu  =  expOAjMxj)  |  C5  [  s  (oukx0ikjml  +  o^x^) 
+  I  (ofjYoiiji  +  Or|Y0llmJl)] 

j-2  J 


+  Ay1vrK  odi/4 


-  * 

^6  [  Z  (°/jYiiiji  +  °r}Yii)mjl) 


(yi-ym)  i2toukXiikjmi  l]  } 


Vw  Ay^cp^ry/2, 


where  C5  =  i/4;  C6  =  iAjKAyj/16. 


The  W  coefficients  for  equations  numbered  4(jm-2)+i-l,  where  i  ranges  between  i  =  2 
and  i  =  im-l,  are  given  by 


W(4jm+i-9,k-l)  =  expfiljMxj)  fC5x0ikjml  +  Celyj-yJx!^], 


W(4jm+i-9,im+k-3)  =  expCiAjMx,)  [C^x^^  +  Ay:\/~K  dik/4], 


where  the  range  of  k  is  2  <  k  <  im-l;  and  by 


w(4jm+i-9.2im+j-5)  =  expCiAjMxj)  [C5Yonjl  +  C6Ymjl] 


1 


W(4jm+i-9,2im+jm+j-7)  =  exjKiAjMxj)  [C5Y0iimjl  +  C6Yliimjl], 


where  the  range  of  j  is  2  <  j  <  jm-l. 

The  second  expression  of  equation  88  provides  the  coupling  relationships  between  the  near-field  and 
far-field  equations  for  mesh  stations  located  one  station  above  the  lower  boundary.  Inserting  equations  67 
and  71  into  the  second  expression  of  equation  88  yields  the  coupling  expression  given  as 

(  r  'm_1 

cPi2  =  eXp(iA1Mxi)  <C5I  I  (°ukxOikjml  +  OdkXOikll) 

"  1  u  k-2 

im_1  •> 

+  2  (OfjYoiljl  +  °rjYoiimJl)J 

j-2 

-  Ayi'/K  odi/4 

-  C6  f  2  (ofjYliin  +  0ljYliiffijl)  ®91) 

L  j-2 

+  (yi-yjm)’i  Oukxukimi]  } 

+  cpw  +  AyjV^. 

The  mesh  potentials  are  related  to  the  W  coefficients  and  unknown  source  strengths  by  the  relationship 
given  as 


cpi2  =  2  W(4jm+iro+i-ll.k)  ok  +  cpw  +  Ayjtpwy/2. 
k-l 

For  equations  numbered  as  (4(jm-2)  +  (im-2)  +  i  -  1)  for  i  ranging  between  i  =  2  and  i  =  im-l,  the  W 
coefficients  are  given  as 

W(4jm+im+i-ll,k-l)  =  expIiAiMxj)  [CsXoi^^Ceiyi-yj^!^!] 


W(4jm+im+i-ll,im+k-3)  =  expfiAjMxj)  [CsXoftn-AyivTK  <5ik/4] 


for  2  <  k  <  im— 1,  and  as 
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W(4jm+im+i-ll,2im+j— 5)  =  exp^Mx,)  [C5Y0iljl-C6Ymjl] 


W(4jm+im+i-ll,2im+jm+j-7)  =  expOA^)  f€5Y0iimjl-C6Yliimjl] 


for  2  <  j  <  jm-l. 


The  final  two  sets  of  W  coefficients  are  obtained  by  inserting  equation  15  into  equation  12,  which  results 
in  the  expressions  given  by 


<Pum-i  =  Mx„ym)  -  Aym^y(xi,ym)/2]  +  tpw  -  Aymep  /2 


<Pijm  =  expfiAjMxi)  Mx„ym)  +  AymVy(x„ym)/2]  +  cpw  +  Aym<pw  /2. 


Inserting  the  expressions  for  i^(x,,ym)  and  ip^x,^)  from  equations  67  and  70  into  the  first  of  equation  94 
results  in 


(  r  lm_1 

ViJm-l  =  eXP(iAlMx.)  |CS  [  g2(°ukX0ikjmjm  +  OdkXQikljJ 


Jm'1 


-  AymVK  oj 4 
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+  (yjm-yi)|2odkxlikljm]  } 


where  C7  =  iA?KAym/16. 


The  mesh  potentials  (developed  for  stations  that  are  located  one  station  below  the  upper  boundary)  are 
Ai&iv  related  to  the  W  coefficients  and  unknown  source  strengths  by  the  relationship  given  as 
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<f>Um-l 


=  2  W(4jm + 2im + i  - 13, k)  ok  +  cpw  -  Aym<pwy/2. 

k-1 


The  equations  range  in  number  from  (4(jm— 2)  +  2(iro— 2)  +  1  to  4(jro— 2)  +  3(im  2)  along  the  strip  that  is 
located  one  station  below  the  upper  boundary,  and  the  W  coefficients  are  given  as 


W(4jm+2im+i-13,k-l)  =  expOA^;)  [C5x0ikjmjm-AymvTK  dik/4] 

and 


W(4jm+2im+i-13,im+k-3)  =  expdAjMx,)  [C5Xoikljm+  C^y^-y^!^^] 


for  2  <  k  <  im- 1,  and  as 
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W(4jm+2im+i-l3,2im+j-5)  =  exp{iA1Mx1)  [C5Y0ilijm  +  C7Ylilijm] 


and 


W(4jro+2im+i-13,2im+jm+j-7)  =  exp^Mx*)  [C5Y0iimijm  +  C7Yliimijm] 


for  2  <  j  <  jm-,. 
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Inserting  equations  67  and  70  into  the  second  expression  of  equation  94  results  in  the  relationship  for  the 
potentials  of  mesh  stations  located  one  station  above  the  upper  boundary  which  is  given  as 

f  r  im_1 

=  expfiAjMxj)  I C5  [  2_Kkxo1k.Jmjm  +  0dkxo>kijJ 
infl  • 

+  X  ^fj^Oiliinj  +  °rj'^0iimijmM 
j-2 


+  Ay.jj'/TC  oui/4 

-  C7  [  2  (0tjYliljim  + 

*■  i-2 
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'V'^V 

vV-  iv 


+  (yjm-yi)Z2°dkxiikijm]  } 

+  <Pw  +  Aymcpw/2. 


S 


.Ov’t'V 


98 


Kg 


*  «L  -  ILtA 


iwnowu 


The  last  set  of  equations  developed  to  couple  the  near-field  and  far-field  potentials  is  given  in  terms  of  the 
W  coefficients  by  the  expression 


NS 

Vion  =  ZiW(4jm+3im+i-15,k)ok  +  cpw  +  AymVwy/2, 


where  the  equation  number  begins  at  4(jm-2)  +  3(im-2)  +  1  and  ends  up  at  4<jm— 2)  +  4(im— 2). 


The  W  coefficients  are  then  defined  as 


W(4jm+3im+i-15,k-l)  =  expOAjMxj)  [C5x0Uymjm-Ayni\/TC  6J 4] 

and 

W(4jm+3im+i-15,im+k-3)  =  exp{U1Mxi)  [C^xo*^-  C7(yJ^-y1)xlikynil 


for  2  <  k  <  im-l,  and  as 


(B98) 


W(4jm+3im +i  -  15,2im  +j  -5)  =  expOAjMx,)  [C5Y0lljJm  -  C7Yulijm] 


and 

W(4jm + 3im + i - 15 ,2im  +  jm  +  j - 7)  =  expi^Mx^lC^^-  C7 YliimiiJ 


for  2  <  j  ^  jm-i* 


Note  that  the  quantities  Ax1?  Axm,  Ay:,  Aym  derive  from  the  differencing  of  the  normal  derivative 
across  the  boundary.  The  formulas  as  written  for  the  w  array  represent  these  quantities  as  being 
computed  before  the  x  variables  for  i  =  1  and  i  =  im  are  replaced  by  the  values  of  the  mesh  boundaries,  at 
and  a2.  If  they  are  computed  after  these  variables  are  changed,  then  a  factor  2  must  be  removed  from  the 
denominators  of  the  coefficients  in  the  preceding  formulas.  The  same  thing  holds  for  the  y  differences. 

The  only  things  yet  to  be  defined  are  the  expressions  for  the  wake  potential  and  its  derivatives  in 
order  to  complete  the  expressions  for  coupling  the  near-field  and  far-field  equations  at  the  boundary  of 
the  grid  network.  Expressions  for  the  potential  of  the  wake  and  its  derivatives  are  developed  in  the 
following  appendix. 
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APPENDIX  C 

EVALUAnON  OF  THE  INTEGRAL  FOR  THE  INFINITE  WAKE  FOR  TWO-DIMENSIONAL 

FLOW 

The  wake  integral  is  defined  in  Appendix  A  by  the  expression 


<pw  =  -Jr1  exp(-im(xi-xj)  Vy'dx'x, 


which  is  put  in  the  framework  of  our  grid  definition  by  setting  x^  =  a2  (the  downstream  boundary)  and 
evaluating  the  integral  from  x  =  a2  to  x  -*  00 . 

The  function  y>  is  given  in  terms  of  coordinate  differences,  that  is,  yj  =  t^Xj-xi.yj-yi)  with  x:  =  x 
and  Yi  =  V~Ky. 


Note  that 


Thus  the  wake  integral  reduces  to 


dy>  _  -dyt 
3yi  ~  3yi 


luQJtp  /■  oo 

cpw  =  — - —  I  exp(-icu(xf-a2))  yy.dxj. 
4  -'82  1 


ifj  is  given  in  Appendix  A  by  the  expression 


y>  =  exp(iA1M(x1-x9)H<,2)(A1\/'((xi-xi)2  +  y?)), 


where  H^Ajr)  is  the  Hankel  function  of  the  second  type. 
We  make  a  change  in  variables  by  letting 

Tl  =  yi  =  vTCy 

and 

t  =  xi-x, 

which  transforms  the  wake  integral  into  the  expression 


iAcpte  ,  a 


<Pw  =  4 


expfiw(a2-x))  4~  f"  exp(-iwt)exp(-iA1Mt)H^ia1vr(t2+»]2))dt. 
o  n  ■'ao-x 


Note:  Unless  otherwise  stated,  references  made  in  Appendices  A,  B,  C,  and  D  to  equations  in  these 
appendices  do  not  include  the  appendix  letter  or  parenthesis.  For  example,  in  Appendix  A,  equation  (A5) 
would  be  referred  to  as  “equation  5.” 


VST 

iawouwj 
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Using  the  detlnition  Aj  =  a)M/(l-M2),  we  combine  the  two  exponentials  into  a  single  exponential 
and  then  replace  the  single  integral  by  two  equivalent  integrals  to  obtain  the  expression 

<pw  =  expiiwiaa-x))  A  {  J^°°  exp(-iA1tyM)H^2)(A1vr(t2+rj2))dt 

-  J*2  '  exp(-iA1t/M)Ho2!(A1vr(t2+»)2))dt  j  .  (C4) 

The  second  integral  can  easily  be  evaluated  using  standard  integration  quadrature  procedures. 
However,  it  is  more  difficult  to  evaluate  the  first  integral  due  to  its  slow  rate  of  convergence  along  the 
real  t  axis. 

The  integral  can  be  evaluated  more  readily  if  the  device  of  contour  integration  is  applied  to  reduce 
the  integration  of  a  slowly  convergent  integral  defined  for  real  variable  integration  to  an  integration  of  a 
rapidly  convergent  integral  defined  in  the  complex  plane. 

In  applying  contour  integration,  we  first  identify  any  poles  or  branch  point  singularities  in  the 
complex  plane  so  that  we  can  choose  a  contour  that  will  allow  an  accurate  integral  evaluation  without 
having  to  evaluate  singular  functions  at  localized  poles  in  the  complex  plane.  Fortunately,  the  integrand 
becomes  singular  only  at  the  branch  points  t  =  ±i|rj|.  Therefore,  we  select  a  contour  developed  to  enclose 
an  area  free  of  point  singularities.  The  contour  shown  in  the  following  sketch  appears  satisfactory  for 
performing  the  contour  integration. 
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The  sum  of  line  integrals  around  the  closed  contour  equals  zero  since  the  area  enclosed  by  the  above 
contour  is  free  of  singularities  (poles). 

That  is, 

<f  fltMt  =  0,  which  is  represented  by 
JC 

Ic,  H  leg  +  Iq2  Icr  Jr  ^3  =  (C5) 

If  R  is  allowed  to  approach  then  ICr  -*■0.  Also  if  r  -*0,  then  lcr"*0;  and  we  obtain 

{Ic,  +  Ic2  +  ^3^  = 

R— oo 

In  terms  of  individual  line  integrals,  the  contour  integration  becomes 

{  £R  expC-iAjt/MlHo2,  (A1'/’(t2-rr]2))  dt  +  f  11,11  exp(-iX1t/M)H(02: 1  U1\/'(t2+rj2))  dt 

R-*oo  V  -'u  -'-iR 

+  f'°'  exp(-iA1t/M)Hf)a1vr(t2+»?2))dt  )  =  0.  (C6) 

We  transform  the  last  two  integrals  using  the  transformation  t  =  -iv  to  obtain 

f  exp(-iA1t/M)H0<2)  (A1\/_ (t2 + »72))  dt  =  +i  {*  ex^-Ajv/MlH;2'  (A^-iv^+r,2))  dv 

■'-iR  ■'Ini 

and 

Jf.|  |  exp(-iA1t/M)H<02>  (A1'/’(t2+fj2))  dt  =  +i  exp(-A,v/M)H<02)  (AIvr((~iv)2+r)2))  dv. 

When  \  *>  17  and  the  integration  ranges  between  v  =  |rj|  to  v  =  R,  the  square  root  term  is  evaluated  as 


\ZX(-iv)2-t-r]2)  =  \f ((— iv + iqX-  iv — irj)) 
=  \f((- iKvZ-r,2)) 

=  — ix/Xv2— rj2). 


When  v  <  q  and  the  integration  limits  are  v  =  0  and  v  =  Jr/j,  the  square  root  term  is  evaluated  as 


V^((-iv)2+r,2)  =  x/(((-iv)+f))  ((-iv)-rj))  =  s/"((— i)2(  v2 -rj2)) 

=  /((-iWW-v2)) 

=  Vb^-v2). 


Inserting  the  expressions  for  the  square  root  terms  into  the  appropriate  integrals  results  in  integrands 
having  Hankel  functions  of  both  real  and  complex  functions. 

The  Hankel  function  of  a  complex  function  is  changed  into  a  modified  Bessel  function  of  a  real 
function  by  making  use  of  the  relations  of  section  9.6.4  of  Abramowitz  and  Stegun  (ref.  13),  where  we 
observe  that 


H$?(-iz)  =  f  K0(z). 


The  Ko(z)  function  converges  very  rapidly,  as  is  shown  in  figure  9.7  of  Reference  13. 


Thus  the  slowly  convergent  integral  defined  along  the  real  axis  of  the  variable  can  be  evaluated  as  a 
rapidly  convergent  integral  defined  along  the  negative  imaginary  axis  that  is  given  by 


J^°°exp(-iA1t/M)Ho2)(A1vr(t2+r)2))dt  =  \  ^  exp(-A1v/M)K0U\/'(v2-r)2))  dv 

-i  r'n  exp(-A1v/M)H0  (Aj vr(rj2-v2))  dv.  (C7) 

Inserting  equation  7  into  equation  4,  we  obtain  a  revised  form  of  the  wake  integral  given  as 

cpw  =  exp(ici)(a2— x)) ( -  f  2  expf-^t/NDHjf (A1\/'(t2+r)2)) dt 

4  or)  J0 

-i_£ ^lexp(-Aiv/M)Ho)  (A1\/"(i72 — v2))  dv 

+  |  J^”exp(-A1v/M)K0(A1\/"(v2-r)2))  dv  } .  (C8) 

The  expression  for  the  wake  integral  is  simplified  to  the  form 

j  A(b. 

<Pw  =  —4  exp(icu(a2-x)),  (C9) 
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where 


Vi  =  *7^i Jq  2  expf-iAjt/MIHi2’  (A1vr(t2+rj2))/\/'(r]2+t2)  dt, 


(CIO) 


(Cll) 


{-ij^  n'exp(-A1t/M)Ho2)  (Ax\/"(»72-t2))  dt 

+  |f“ ex^-Ajt/M^A^t2-^2))  dt  \ .  (Cll) 

"  Jlnl  ’ 

We  now  apply  transformations  to  simplify  the  numerical  integrations.  We  first  eliminate  the  variable  of 
integration  from  the  integration  limits  by  inserting  the  transformation  t  =  |>j|t'  into  equation  11  to 
obtain 

W2~J^  {— ilnl J^1exp(— Ajlnlt/MlHo  ’  (Xx jrjls/’d— t2))  dt 

+  ^Mj^expi-AihltMlKoaikl^t2-!))  dt  } ,  (C12) 


where  the  primes  have  been  dropped. 


A  new  variable  is  introduced  to  simplify  the  expression  even  further;  we  let  f  =  Ajr;.  Then  the  equation  is 
reduced  to 


£*!♦ 


i 


V*m4z  {“‘I^XW-kltMlH^’dil^d-t^dt 


+  ¥  J~  exP(- Id t/M)K0( | { | v/’it2-!))  dt } . 


# 


The  singularities  that  exist  at  t  =  1  are  moved  to  the  origin  in  the  first  integral  by  introducing 
t'  =  1-t  and  by  using  t'  =  t-1  in  the  second  integral.  This  leads  to 

M>2  =  ~  |-iklexp(-!4|/M)J^1exp{|C|t/M)H<02)(!i|\/(t(2-t)))  dt 


+2|{|exp(-k|/M)J^”exp(-k|tM)K0(k|^(t(2+t)))dt},  (C14) 

where  the  primes  have  been  dropped.  Equation  14  may  be  expressed  in  terms  of  a  new  function  defined  by 


That  is, 


Vo  =  (|£|'/’(t(2-t)))  dt 

+  §  £  exp(- 1 4 1  t/M)K0(  |  i t  v^(t(2 + 1)))  dt. 


W2  =  [|4|exp(-|4|/M)vo], 


V2  =  exp(-|4|/M)  [(l-|4|/M)vo+l4lvo|([] 8 


For  convenience  in  numerical  integrations,  the  integrals  are  combined  as  follows: 

Vo  =  jf[  I  exp(-4t/M)K0(4\At(2+t)))  -iexp(4t/M)H£!)  (4^(t(2-t)))  ]  dt 

+  |/i”exp(-4tADK0(4N/‘(t(2+t)))  dt, 

where  the  absolute  sign  has  been  dropped  for  convenience. 

Then  the  derivative  with  respect  to  4  takes  the  form 

=  — J^1  { exp(— 4t/MX2/n)[(t/M)K0(4Vr(t(2+t)))  +\At(2+t))  K1(4v^(t(2 +t)))  ] 

+  iexp(4t/M)  [(t/M)H^2)  (4vr(t(2-t»)  -^(t(2-t))  Hf(  4vr(t(2-t)))  ] }  dt 
-  |j^°°exp(-4tM)[(tM)Ko(4\/'(t(2+t)))  +^(t(2+t))  K1(4\^(t(2-(-t)))  ]  dt. 


We  simplify  the  expressions  by  letting 


Z\  =  V(t(2-t)), 
Z2  =  Vr(t(2+t)), 


a  =  t/M 


and  obtain 


I 


i 

i 


£ 


m 

V04  =  "J^1  {exp(-C<rX2/Tt)  [oK^)  +  z2K1({z2)) 

m 

+  iexp(iff)[a’Ho) J  dt 

-  |j^"exp(-{a)[aKo(iz2)+Z2K1(4z2)]  dt. 

(C20) 

& 

SUMMARY  OF  THE  DERIVATION 

The  potential  induced  by  the  wake  is  given  by  equation  9  as 

m 

<Pw  =  —7-^  {vi(x,rj)+q)2(£)}  exp(ioj(a2-x)), 

4 

where  rj  =  \TKy  and  (  =  Ajrj. 

(C21) 

m 

The  derivatives  with  respect  to  x  and  y  are  given  as 

# 

cpm  =  -icocpw  +  — ~  1 fjlx  exp(icj(a2~x)) 

and 

(C22) 

m 

cPwy  =  {Vly+A1vrK  q>2(}  exp(icu(a2-x)), 

(C23) 

# 

where 

# 

qq  =  2  U1\At2+r)2))A/'(t2+r]2)  dt, 

(C24) 

q»lx  =  -Ajf)  exp(-iA1(a2-x)/M)H<12,  (A1\/r(n2+(a2-x)2))/\/r(r)2+(a2-x)2), 

(C25) 

Viy  =  q,1/y-A?vTKr,2J^a2_Xexp{-iA1tM)H<22)(AlNr(t2+r)2))/(t2+r,2)dt, 

(C26) 

and 

# 

tp2  =  exp(-U|/M)[(l-U|/M)v0+|ilvoic|] 

(C27) 

where  ip0  is  obtained  from  equation  18  as 

W 

q>0  =  |j^°°exp(-aU!)Ko(|4lz2)dt-iJ^1exp(<»l4|)H<o2)(k|z1)  dt 

(C28) 

(C28) 


and 


,'kt  *4*  < 


Vo{  =  •TrJ^”exp(-aO[aK0(4z2)+Z2K1(4z2)]  dt 

-iJ^exp^HaHo’ (4z1)-z1H?) ({Zj)]  dt. 


(Absolute  value  signs  have  been  dropped  for  convenience.) 

Inserting  equations  28  and  29  into  equation  27  yields  the  final  form  of  v>2,  given  by 


V2  =  exp(-4/M){|j^°°exp(-a4)[(l-4/M-a4)K0(4z2)-4z2Ki(£z2)]  dt 
— iJ^exp^aa-S/M+oOH^  (fe1)-z14H?)  «*)]  dt} 


and  making  use  of  the  differentiation  formulas 


^  {zJ^z)}  =  zJ0(z) 


£  (zKjfz)}  =  zKo(z). 


We  obtain  the  derivative  of  ip2  with  respect  to  4  in  the  form  of 


Wz  c  =  ~v2/M+exp(-4/M){^jr"exp(-a4)[(a24+a4/M-2a-^+4z|)K0(4z2) 

+  z2(a4+4/M-l)K1(4z2)]  dt 
-i  J^1exp<a4)(a24-a4^I  +  2a-  l/M-4z?)H^,2)  (4zx) 
-zM~VM+  l)Hf  (4zi)dt  } . 
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APPENDIX  D 

MODIFICATION  OF  COUPLING  EQUATIONS  FOR  THE  INCLUSION  OF  THE 
POTENTIALS  DUE  TO  THE  INFINITE  WAKE  FOR  TWO-DIMENSIONAL  FLOW 

Wake  potential  contained  in  equations  72,  81,  88,  and  94  of  Appendix  B  are  terms  that  are  designated  as 
<Pw>  <Pw*>  and  (fiwy-  These  terms  will  now  be  put  in  a  form  that  is  suitable  for  inclusion  in  the  W  matrix.  For 
equations  1  <  j  <  jm  -  1  (that  apply  to  grid  points  located  one  station  ahead  of  the  upstream  boundary), 
the  first  of  equation  72  of  Appendix  B  has  the  form 

Ax  NS 

-  <Pij  +  <Pw  (xx,  yj)  -  (Pvn  (xx,  y)  +  £  W  (j  -  1,  k)  ok  =  0.  (Dl) 

*  k-l 

For  equations  (jm -  1)<  (jm -  2  +  j  -  1) <  2(jm  -  2)  defined  for  points  located  one  station  downstream  of  the 
upstream  boundary,  we  use  the  second  part  of  equation  72  of  Appendix  B  to  obtain 

A  NS 

~  <P20  +  <P«  (Xi,  yj)  +  ~2~  Vwx  (*1>  yj)  +  2!^  W  (jm  +  j  -  3,  k)  ok  =  O.  (D2) 

For  equations  2(jm  -  2)  +  1  <,  2(jm  -  2)  +  j  -  1  <,  3(jm  -  2)  that  apply  to  points  located  one  station  up¬ 
stream  of  the  downstream  boundary,  the  first  expression  of  equation  81  of  Appendix  B  gives  the  form 

Ax  NS 

-  +  cpw  (xim,  yj)  -  y51  cpWx  (xim,  yj)  +  X  w  (2<Jm  -  2)  +  j  -  1,  k)  ok  =  0.  (D3) 

JC-1 

For  equations  3(jm  -  2)  +  1  <  3(jm  -  2)  +  j  -  1  <  4(jm  -  2)  that  are  applicable  for  grid  points  located  one 
station  downstream  of  the  downstream  boundary,  we  use  the  second  expression  of  equation  81  of  Appen¬ 
dix  B  and  obtain 

Axm  NS 

“  <Pimo  +  <Pw  (x.m.  yj)  +  y  (xim,  yj)  +  x  w  (3(jm  -  2)  +  j  -  1,  k)  ok  =  0.  (D4) 


For  equations  4(jm  -  2)  +  1  ^  4(jm  -  2)  +  i  -  1  £  4(jm  -  2)  +  (jm  -  2)  that  apply  to  grid  points  located  one 
station  below  the  lower  boundary,  we  use  the  first  expression  of  equation  88  of  Appendix  B  to  obtain 


~  <Pi,i  +  <Pw  (Xj,  yx)  ~  -y  <Pwy  (Xj,  yx)  +  2  W  (4(jm  -  2)  +  i  -  1,  k)  ok  =  0.  (D5) 

k-l 

For  equations  4(jm  -  2)  +  (im  -  2)  +  1  ^  4(jm  -  2)  +  (im  -  2)  i  -  1  ^  4(jm  -  2)  +  2(im  -  2)  that  are  valid  for 
points  located  lone  station  above  the  lower  boundary,  we  made  use  of  the  second  expression  of  equation 
88  of  Appendix  B  to  establish  the  equation 

Note:  Unless  otherwise  stated,  references  made  in  Appendices  A,  B,  C,  and  D  to  equations  in  these 
appendices  do  not  include  the  appendix  letter  or  parenthesis.  For  example,  in  Appendix  A,  equation  (A5) 
would  be  referred  to  as  “equation  5.” 


Av, 

-  <Pi,2  +  <pw  (*i>  yi)  +  ~2^  <f>wy  (*i.  yi)  +  2  W  (^m  “  2)  +  (im  -  2)  +  i  -  1,  k)  ak  =  0.  (D6) 

k-l 

For  equations  4(jm  -  2)  +  2(im  -  2)  +  1  ^  4(jm  -  2)  +  2(im  -  2)  i  -  1  <,  4(jm  -  2)  +  3(im  -  2)  that  define  the 
potentials  at  grid  points  located  one  station  below  the  upper  boundary,  we  use  the  first  expression  of 
equation  94  of  Appendix  B  to  derive  the  expression 

Ay_  NS 

-  Vi^-i  +  <Pw  <*i,  yjm)  -  ~2  Vwy  (*i,  yjm)  +  2  W  (4(jm  -  2)  +  2(im  -  2)  +  i  -  1,  k)  ok  =  0.  (D7) 


I 

! 


i: 


For  equations  4(jm  -  2)  +  3(im  -  2)  +  1  <;  4(jm  -  2)  +  3(im  -  2)  i  -  1  ^  4(Jm  -  2)  +  4(im  -  2)  that  represent 
the  equations  that  define  the  potentials  at  grid  points  located  one  station  above  the  upper  boundary,  we 
use  the  second  expression  of  equation  94  of  Appendix  B  which  provides  the  expression 

Aym  NS 

-  <piJm  +  <pw  (x,,  yJm)  +  ~  <Pwy  (Xj,  yjm)  +  2  w  (4(jm  -  2)  +  3(im  -  2)  +  l  -  1,  k)  ok  =  0.  (D8) 

k-l 

Using  equation  9  of  Appendix  C,  the  wake  integral  is  given  as 


=  {Vi(x,f?)+*p2(4)}  exp(ia)(Xi  -x)), 


where  rj  =  >/Ky;  £  =  Axrj. 


Acp  is  the  jump  in  potential  at  the  downstream  boundary.  In  terms  of  Acpi]+1  at  the  trailing  edge, 


Equation  9  then  becomes 


Acp  =  Acpil+1  exp(-ia>(xijn-xil+1)). 


<p„  =  ^‘1+1  {tp1(x,i?)+«p2(S)}  exp(iaj(xil+1-x)), 


and  the  derivatives  of  the  wake  potential  are  given  by 
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tyw*  =  -i^<pw+  1+1  exp(ia)(x11+1-x)), 


(Dll) 


cpwy  =  ^p1+1  {tply+v4(£MvrK  sgrjy}  exp(iw(xil+1-x)). 
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Substituting  equations  10  and  11  into  equation  1  yields 


-<Pij+<Pw+  A<pil+1tplx  exp(ia)(x11+1-x1))  +j^  W(j-l,k)ok  =  0, 


iAv  11 

-(Pij+d+iwAx^lq),,-  -g-i  A<pil+1vlx  exp(iaj(xjl+1-xj))  +£  W(j-l,k)ok  =  0, 


iAffl:,  ,,  ,  Ay,  ,  NS 

4»ij-  —  { (v  1 + V2XI + iaj AxV2)-  Vlx}  exp(ico(xil+1-x1))  + j  W(j-l,k)ok  =  0. 


Similarly,  from  equation  2,  we  obtain 


_^2j+-^pll+1  {[Vi(xi,r)j)+v2({j)](l-ivAxv2)+  vlx}  expGciXXjj+j-X!)) 


+1  W((jm-2)+j-l,k)ok  =  0. 

k-l 


Substituting  equations  10  and  11  into  equation  3  yields 


-(Pim-io  +  “r‘1+1  {^i(xim,rjj)+v2(ij)J(l+ia>AxnV2)-~»Vlx}  exp(iw(xil+1-xim)) 


Similarly,  for  equation  4,  we  obtain 


+1  W(2(jnj-2)+j-l,k)ok  =  0. 

k-l 


-^0  +  ^‘1+1  {[Vi(xim,nj)+V2(ij)Kl-iAxmco/2) 

Ay  NS 

+  — .  vix }  exp(io;(xil+1-xim))+2iiW(3(jm~2)+j-l.k)ok  =  0. 


Substituting  equations  10  and  11  into  equation  5  leads  to 


-<Pii  +  {[ip1(xj,\TKy1)+V2(A1vrKyi)]  -  [Viy+^y]}  expliwlXi^j-Xj)) 


+1  W(4(jm-2)+i-l,k)ok  =  0. 

k-l 
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Similarly,  equation  6  becomes 

■# 

“<Pi2  +  ^‘1+1  {  (v1(xj,vrKy1)+V'2^iVrKyi)]  +  [^iy+V2y]}  expUa>(xll+,-Xi)) 

-■ 

'W' 

NS 

+S  W(4(jm-2) + (im-2)+ i- 1  ,k)ok  =  0. 

k-l 

(D18) 

# 

Substituting  equations  10  and  12  into  equation  7  yields 

w 

+  ^il+1  {[«Pi(x„vTCyJm)+V2a1vaCyjJ 

# 

”^“[Vly-*-V2y]}  eX^iwlXjj+j-X,)) 

B 

NS 

+1  W(4(jm-2)+2(im-2)+i-l,k)ok  =  0. 

k-l 

(D19) 

m 

Similarly,  equation  8  becomes 

m 

-«■«.  +  T1*1  { W-,./Kyi.)+*A^Kyj.,)l 

'S'S-* 

+  (Vly+V2yl}  exp(iw(x,1+1-X,)) 

NS 

+Z  W(4(jm-2)+3(im-2)+i-l,k)ok  =  0. 

k-l 

(D20) 

v.y  ■, 

We  now  identify  the  W  coefficients  that  are  due  to  the  wake  terms  of  equations  13  to  20  by  the 

<M  : 

following  expressions. 

•<v>  , 

W(j-1,NS+1)  =  |  {(ipjfxLnP+ipjfCjlXl+iwAx^h-^tpu}  exp(ia>(xil+1-x1)) 

(D21) 

®  1 

^«Jm-2)+j-1>NS+1)  =  |  {[vi(x1,rjj)+if»2({j)](l-ia>Ax1/2)+  ^  Vi*}  exp(ia>(xil+1-x1)) 

(D22) 

*5^  1 

W(2(jni-2)+j-l,NS+l)  =  ^  exp(i«(xil+1-xim)) 

(D23) 

#  i 
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^5?  | 

W(3<jm-2)+j-l,NS+l)  =  |  { (Vl(xim,rij)+ v^^ld-icoA^^)  +  ^"%j  exp(ia>(xil+1-xim))  (D24) 
W(4(jm-2)+i-l,NS+l)  =  j  {  v1(xi,rj1)-hw2((i) '  ^r1  [Viy+V2y] }  exp(ia}(xil+1-Xj))  (D25) 
W(4(jm-2) +(im-2) + i- 1  ,NS + 1)  =  |  {  v>1(xi,^i)+tp2(^)  +  ^  [v>iy+V2y] }  exp(iaj(xll+1-x,))  (D26) 
W(4Qm-2)+2(im-2)+i-l,NS+l)  =  +  {ip1(xi,»jjm)+ip2(4jm)  -  [viy+V2yl }  expfiw(xil+1-Xj))  (D27) 

W(4(jm-2)+3(im-2)+ i-1  ,NS + 1)  =  ±  { tfj1(xi,njm)+v2(tjJ  +  hiy+V2y]}  exp(iw(xil+1-x,))  (D28) 


We  now  collect  the  W  coefficients,  and  we  write  the  equations  for  the  potentials  at  grid  stations  that 
are  located  inside  of  the  boundaries  as 


NS 


-V2J+I  W((jm-2)+j-l,k)ok+Acp11+1W((jm-2)+j-l,NS+l)  =  0, 


(D29) 


k-l 


NS 


-Vim-1j+ 1  W(2<jm— 2)+ j— 1  ,k)ok + Acpjj + j W (2(jm— 2)  +  j— 1  ,NS+ 1)  =  0, 


(D30) 


k-i 


NS 

-‘Pi.2+ZiW(4(jm-2)+(im-2)+i-l,k)ok+A<pil+1W(4(]m-2)+(im-2)+i-l,NS+l)  =  0, 


(D31) 


and 


NS 


"Vi^-i+I  W(4(jra-2)+2(im-2)+i-l,k)ok+Acpil+1W(4(jm-2)+2(im-2)+i-l,NS+l)  =  0.  (D32) 


k-l 


The  terms  Vy,  <Pi,2>  and  <Pym-i  are  variables  in  the  finite  differencing  procedures;  but  they  are  not 

free  variables  since  these  variables  must  also  satisfy  the  boundary  conditions  specified  by  equations  29, 
30,  31,  and  32.  The  number  of  equations  involved  in  satisfying  the  boundary  conditions  at  grid  points 
located  one  station  inside  of  the  boundaries  is  2(jm-2)+2(im-2). 

We  collect  the  remaining  W  coefficients  and  write  the  equations  for  the  potentials  at  grid  points  that 
are  located  one  station  outside  of  the  interface  boundary. 


NS 

<Pij  =  Z  W(j-l,k)ck+Acpil+1W(j-l,NS+l) 

NS 

cpimj  =  Z  W(3(jm-2)+j-l,k)ok+AVil+1W(3(jm-l)+j-l,NS+l) 


(D33) 


(D34) 


<Pi,i  =  I  W(4(jm-2)+i-l,k)ok+A<p1+1W(4(jm-l)+i-l,NS+l) 

k-l  1 


¥ijm  =  I  W(4Qm— 2)+3(im— 2)+i— ljkJOfc+Acpi  +1W(4(jm— 2)+3(im— 2)+i— l.NS+1)  (D36) 


The  terms  on  the  left-hand  side  of  the  above  equations  are  eliminated  from  the  finite  differencing 
procedures  by  replacing  them  with  the  coupling  boundary  conditions  given  by  the  expressions  on  the 
right-hand  side.  The  expressions  on  the  right-hand  side  represent  the  potentials  at  the  outer  stations  that 
are  derived  using  the  potentials  of  the  wake  and  applied  source  distributions  evaluated  at  the  boundary. 
The  number  of  equations  involved  by  imposing  the  above  boundary  conditions  is  2(jm-2)+2(im-2). 

The  total  number  of  equations  involved  in  this  coupling  procedure  is  then  equal  to 
(im-2)*(jm-2)+4(jm-2)+4(im-2),  which  equals  the  sum  of  finite-differencing  potentials  and  exterior 
applied  source  distributions. 


ww.v 


APPENDIX  E 


EQUATIONS  FOR  THE  FINITE  DIFFERENCE  POTENTIALS  FOR  THE  INTERIOR 
REGION  IN  THREE-DIMENSIONAL  FLOW 

The  mathematical  derivation  of  the  procedures  required  for  the  solution  of  the  unsteady  velocity  poten¬ 
tial  for  the  flow  about  a  harmonically  oscillating  wing  is  given  in  reference  1.  The  following  discussion 
is  limited  to  a  brief  outline  of  those  procedures.  The  complete  nonlinear  differential  equation  has  been 
simplified  by  applying  the  assumption  that  the  unsteady  flow  can  be  represented  by  a  small  perturba¬ 
tion  about  the  steady  flow  condition. 

The  perturbation  velocity  potential  is  given  by 


[K  -  (7  -  l)</>,  -  (7  +  1)</>X]  +  <t>yy  +  <f>u  ~  (2  <t>x,  ~  <t>„)/t  =  0  (El) 

where  K  =  (1  -  M2)/M2e,  M  is  the  freestream  Mach  number  of  velocity  U0  in  the  x  direction  and  x,  y 
are  dimensionless  coordinates.  Time  is  nondimensionalized  by  b/ U0. 

The  airfoil  shape  and  displacement  are  defined  in  terms  of  time  by  the  relation 

z0(x,y,t)  =  Sf(x,y,t) 


The  boundary  conditions  are  linearized  and  defined  by 

<t>z  =  fx(x,y,t)  +  f,{x,y)  (E2) 

The  quantity  S  associated  with  airfoil  properties  such  as  thickness  ratio,  camber,  and  angle  of  attack  is 
assumed  to  be  small.  The  y,  z  coordinates  are  scaled  to  the  dimensionless  physical  coordinates  by  the 
relationship 


=  51/3M2/3y0 


z  =  61/3M2/3z0 


and  e  is  defined  in  terms  of  5  by 


«  =  (5/M)2/3 


The  pressure  coefficient  is  given  by 


Cp  =  -  2 e(<t>x  +  <t>,) 

The  differential  equation  of  flow  (El)  is  simplified  by  assuming  harmonic  motion  and  by  assuming  that 
the  velocity  potential  can  be  separated  into  a  steady  and  unsteady  potential  representation.  That  is,  we 
assume  that  the  potential  can  be  represented  by  the  expression 

<t>  =  <t>0(x,y,z)  +  t^Xyy.z)  exp(iW)  (E3) 


where  the  body  shape  definition  is  given  by 


z0  =  6fx(x,y,z,t)  =  5 \f0(x,y)  +  Mxj)  exp(/wi)]  (E3A) 

In  the  absence  of  oscillations,  the  steady  state  terms  must  satisfy  the  differential  equation  and  boundary 
condition  given  by 

[K  -  (y  +  +  ^0yy  +  <t>ou  =  0 

^o.  =  Ux,y)  on  z  =  0  and  -  l  £  x  £  l  ®4) 

For  the  unsteady  condition,  it  is  assumed  that  the  oscillations  are  small  and  that  higher  order  terms 
may  be  neglected.  The  differential  equation  and  associated  boundary  condition  that  must  be  satisfied  by 
the  unsteady  potential  0,  is  then  given  by 

[[K  -  (7  +  l)^0Jv>ix  ]x  +  <hyy  +  4> ia  -  (2/oj/ i)4>\x  +  q<t>\  =  0 
<t> i  =  f\x  +  «*)/,(jcuv)  on  z  =  0,  for  -  1  £  x  s  1  and  0  £  y  s  y,ip 
where  q  =  u2/t  -  iu(y  -  1  )<t>0  (E5) 


The  differential  equation  of  (E5)  is  of  a  mixed  type,  being  elliptic  or  hyperbolic  whenever  the  steady 
state  equation  (E4)  is  elliptic  or  hyperbolic.  The  finite  difference  equations  are  formulated  by  using 
central  differencing  in  defining  the  y  and  z  derivatives,  whereas  the  x  derivatives  are  evaluated  using 
central  differencing  whenever  the  region  is  subsonic  (having  elliptic  characteristics).  Upstream  (or  back¬ 
ward)  differences  are  applied  in  defining  the  x  derivative  at  all  hyperbolic  stations. 


The  finite  difference  form  of  equation  (E5)  that  is  applicable  to  subsonic  flow  regions  is  given  by 


%  Vi  -  +  b>j  +  s  +  K  +  E'  +  £*  -  +  Vw, 

-  Ei&i(  E2<t>i  t_\jk  ayfilij-\k  b>frij+\k 


(E6) 


The  finite  difference  form  applicable  to  supersonic  regions  is  given  by 


%  V  ,  -  {a>j  +  hyj  +  fl**  +  K  -  £3  -  +  V'*+i 

=  (£,  +  ~  E^2jk  ~  VV.*  '  V'^i* 


(E7) 
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where 


<*Jjt  =  1/(Z*+1  -  Z*-l)(Z*  -  Z*-l)  ;  Oyj  =  I/O’j+I  -  >V-l)OV  -  ->rl)  « 


““  ^/(^Ar+1  ^ArlX^JIr+1  £*)  »  1/0^+ 1  .V/-l)0y+ 1  Ay)  * 

Ei  =  CiUj+vyic  -  /wc.  /e  ;  E2  =  djUi+x/2jk  +  /«d,/e  ; 


E,  -  ct-iur\/2jk  ~  iuc2/e  ;  E4  -  dh[uri/2jk  -  iud2./e  ; 


C,  =  !/(*,+ !  -  *m)(*/+i  -  *,)  ;  =  (at,  -  rH)c,  ; 


4  =  !/(•*,+ 1  -  xM)(xt  -  xrl)  ;  d,x  =  (*,+l  -  *,)d, 


“i+vyk  =  K  -  (7  +  1)(4>0/+w  “  <t>oiik)/(xi+i  -  x,) 


U rl/Zjk  E  (y+l)(4>0  —  <t>0^  )/(Xj  Xj-i) 


c2  =  l/(x,  -  Xi-,)  +  1  / (x,  -  xr2) 


dr  =  -  </, 


Boundary  conditions  on  the  upper  and  lower  wing  surfaces  lead  to  the  following  equations  for  subsonic 
flow.  The  finite  difference  equation  at  grid  points  below  and  adjacent  to  the  wing  surface  at  z  =  zkm  is 
given  by 


Qy  4>, 

Zkm  'Mm-' 


(fly.  +  by.  +  aZk  +  E,  +  E2  -  qiJk/2)<t>]..k 


=  —  E,<f>,  —  E24>,  —  av4> i  —  bY<i>\  —  hxbz  F^"1 

1+1  jkm  2  b*m  yj  ]‘J-ikm  yj  'ij+lk_  zkm  U 


The  finite  difference  boundary  condition  equation  applicable  to  grid  points  above  and  adjacent  to  the 
wing  surface  is  given  by 

~  l*,j  +  by.  +  a%  +i  +  E,  +  E2  -  qijkmW 2)\km+i  +  Km\jkm.z 

~  (  “  El^li+iy*m+i  ”  E2^1/-ly*m+l  ~  <lyJt>'u- l*m+l  byl\+  \km+l  +  hl°zkm*  F  v 
where  F'yu  =  fhx.jj)  +  iuf^(x,Jj) 


K'  = 


h\  =  -  **„ 


»,l  », 

i'*V» 
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The  (L)  and  (U)  superscripts  refer  to  the  lower  and  upper  wing  surfaces  respectively. 

Additional  terms  need  to  be  added  to  equations  (E6)  and  (E7)  to  satisfy  continuity  of  normal  flow  across 
the  wake  vortex  sheet. 

The  term  bzk 

*m  v 

is  added  to  the  finite  difference  stations  just  below  the  wing,  and  -azk  A<t>\u  is  added  to  stations  just 
above  the  wing. 

The  jump  in  potential  is  given  by 


=  A<*i,1  +  l7  exP(  ~  -  Jf,|  +  i)) 


where  &<t> l,i  +  Iy  is  the  jump  in  potential  at  the  first  station  downstream  of  the  trailing  edge  and  is 
determined  in  such  a  manner  that  the  Kutta  condition  is  satisfied  at  the  trailing  edge.  The  jump  in 
potential  at  x,  + 1  is  determined  from  the  condition  of  a  zero  pressure  jump  across  the  wake  as  given  by 
the  pressure  equation 


+  iw  A</>,  =  0  (ElO) 

The  finite  difference  form  of  equation  (ElO)  is  given  by 

cu,  (A4>,,  +  u  -  A*.y)  +  d\ .,(A^y  ~  A^,,  -  iy)  +  iu£Ht>lyl  =  0 
where  cl(i  =  (x,(  -  x(j  _  ,)/(x(i  + ,  -  x^  _  ,)(x(i  + ,  -  xl}) 

du,  =  (*/,  +  '  "  ^1)/(jr,1  +  i  -  x,, . ,)(*,!  -  x(|_,)  (Ell) 


w 


v_v 


The  potential  jump  at  the  first  finite  difference  station  downstream  of  the  trailing  edge  then  becomes 


A<^/j  +  ly  ^*cl  A^>/'| y  "*■  ^*c2A<^/j  iy 

where  c*fl  =  1  -  </,,/<•„,  -  /u/c,^ 

C*c2  = 


(E12) 


The  potential  jump  terms  on  the  right-hand  side  of  equation  (E12)  are  the  potential  jump  terms  across 
the  wing  at  stations  forward  of  the  trailing  edge. 

The  potential  jump  for  stations  on  the  wing  is  given  in  reference  1  by 


-Vv* 
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A<t>u  ~  'V™  +  1  ~  ~  cn(^v*m  +  2  ~  ^y*m+l) 


-  cj2(^iy*_  -  ^iy*_  l)  _ 


(E13) 


,vV 


r 

I 


where 


0^ 


cs\  =  1/(4^i(5,  +  1)) ;  cs2  =  1/(4 s2(s2  +  I))  ; 

dsl  =  A(2s,  +  1)/4(S|  +  1)  ;  </j2  =  /i(2j2  +  l)/4(s2  +  1)  ; 

•Si  =  (Zk  2  ~  z*m+i)/A  :  s2  =  izk  -  zk  x)/h  ; 
b  =  (zk  + 1  —  zk  ) 

m  m 

The  jump  in  potential  given  by  equation  (E12)  at  the  first  finite  difference  station  downstream  of  the 
trailing  edge  is  given  as  follows 

=  +  A-n<t>ii-ijkm  +  ^■i3<t>il-\jkm+i 

+  A, 4  <t>i]-ijlcm  +  2  +  ^■l\<i,iiikm-\  +  &-22<t>iijkm 

+  A23 ^iy*m-i  +  A24<i)(^*m  +  2  -  C*f|(cijlF ^  +  ds2F  ,u 


~  ek*(dsK- 1,  +  42Fm-i,)  (E14) 

where 

An  =  ckcics2  I  A12  =  -  c*c2(l  +  cj2)  ;  A]j  =  ctc2(l+S])  ;  A|4  =  -  ckc2csl  ; 

A21  =  c*Cici ;  A^  =  -  c*cl(l  +  0,2)  ;  =  ctcl(l  +  cf])  ;  AM  =  -  ckclcsl 


As  before,  for  stations  below  the  wing  surface  and  for  i  >  i(  + 1  ,  an  additional  term  is  added  having  the 
form 


-  bzk  M(  +  „  exp(  -  /«(J r,  -  AT,1  +  I)) 

m 


for  values  of  yj  that  are  less  than  the  wingtip  station. 

For  finite  difference  stations  located  above  the  surface  for  i  >  +  1  and  j  less  than  the  tip  station 

value,  the  additional  term  to  be  added  is 


APPENDIX  F 


SOURCE  AND  DOUBLET  DISTRIBUTIONS  TO  BE  APPLIED  TO  THE  OUTER  MESH 
BOUNDARIES  OF  THE  FINITE  DIFFERENCE  REGION  FOR  A  WING 

A  combination  of  source  and  doublet  distributions  is  to  be  applied  to  the  outer  surface  of  the  reduced-size 
grid  network  in  order  to  provide  a  means  for  matching  inner  and  outer  solutions  on  the  grid  boundary. 
The  source  distribution  applied  on  the  surface  z '  =  constant  is  given  by 

<Ps(xj,z)  =  (exp(/XMx)/4ir)  (  (  o(x'  j>')  dx'dy'  (Fl) 

J*i  Ja,  r 


where 


The  doublet  distribution  is  defined  as 


r 2  =  (x'-x)2  +  K  (y'-y)2  +  K(z'-z)2 


<?dz(xj>,z)  =  (exp(/XMx)/4x)  f  2  \  2  n(x’o>')  ~  ‘Xr-)  dx'dy' 

Jh,  dz  v  r  > 


which  becomes 


<fidz(xj,z)  =  -  (exp(iXMx))  (K/4x)  \  2  f  2  ^  \^z — —  (iX  +  -)  exp  (-/Xr)  dx'dy'  (F3) 

JZ>,  Jax  r  \  r/ 

We  introduce  new  variables  in  order  to  evaluate  the  limiting  values  of  the  source  and  doublet  expres¬ 
sions  when  z  approaches  z ' . 


We  let 


x,  =  (x'  -x)  /  | z' -z\ ;  =  iy' - y )  t  \z' -z\ 

r 2  =  (z'  -zfr\  where  r\  =  x)  +  Kyj  +  K 


The  limits  of  the  doublet  integral  are  then  transformed  to 

yiu  =  (b2-y)/  \z'-z\  ;xlu  =  (a2-x)  /  \z' -z\ 


yu  =  (*i  - y )  /  \z'-z\  ;  xu  -  (a, -x)  /  | z' -z\ 


and  the  integral  becomes 


-  - (exp(iXMjc))  (K/4t)  f  f  ■  IC-sVtalfl-SDfix,,.  -  „  +  SSli^£l) 

r„  \  r.  / 


Letting  z  approach  z'  for  a!<x<a2  and  6,  <y<b2,  we  obtain 

IOO  >00 

n(x,y)  sgn|z'-z|  !r\ dxxdyx 

-00  J -00 


Integrating  with  respect  to  x,  yields 


<Pdz(xj>,z')  =  [exp(/XMjf)  n(x,y)  sgn (z-z')}  /  2  (F9) 

In  a  similar  fashion  the  limiting  value  of  the  doublet  distribution,  applied  to  the  y'  =  constant  plane 
and  having  y  approach  y ' ,  is  given  by 

<Pdz(x<y '  .z)  =  exp(/XMx)  n(x,z)  sgn (y-y')  /  2  (F10) 

Considering  the  doublet  distribution  applied  to  the  x  =  x'  surface,  we  obtain 

=  - exp(/'XMx)/ 4t ( 2  n(y' >z')  —  ~x-  (i\  +  -)  exp (- i\r)dy' dz'  (Fll) 

•is,  •)<-,  \  r / 

We  then  make  a  change  in  variables  to  facilitate  the  process  in  evaluating  the  limit  as  x  approaches  x' . 
That  is,  we  define 

y\  =  t V'-y)/  [x'-xl  and  Z\  =  ( z’-z )/  |*'-x|  (F12) 

which  changes  r2  to  r1  =  (x'  -x)2  r\  where  r\  =  1  +  KCvf+z?) 

The  integral  then  becomes 


Jy\i  r„ 

(/X|x'-x|  +Sgn^  ~X^j  exp(-i\r0)dyidzi 


where 


v  _  bt  ~y  .  v  =  b,  -y 
y"  \x'-x\’yiu  \x’-x\ 

I*  -*l  \x'-x\ 

Then,  letting  x  approach  x'  for  bt<y<b7  and  c,  <z<c2,  we  obtain 


f  f-5Bi *^*ldy,dz, 

4x  J-oo  J-oo  rn 


Integrating  with  respect  to  Z\  yields 


r _ ^ 

J-oo  (Kzf  +  OCy2 


+  1))3/2  VK(Kyf+l) 


Then  integrating  with  respect  to  y]  yields 


<PdAx',y,z)  =  expOXMx')  n(y,z)  sgn(x-x')  /  2K 


$•*  S'  *  4  *  4**  it. 


l  lJi:i.»  t,l  «.l  <.*  «_*  *_ k- |.i 


The  potential  at  a  point  x,  y,  z  due  to  a  unit  source  at  x' ,  y' ,  z'  is  given  as 


where 


4* six'  -x,y'  -y,z’ - z )  =  exp(  -  ikr)  /  4xr 
r 2  =  (x'-x)2  +  K(y’-y)2  +  K(z'-z)2 


The  potential  due  to  a  doublet  aligned  with  the  x'.y'.z'  planes  is  then  given  as 

4dx  =  ('^  +  ~)  exp (-/Xr)  (F18) 

4dy  =  (/X  +  exp(-fV)  (F19) 

4>dz  =  ~^2~Z)  +  i)  exp(-/Xr)  (F20) 

We  now  indicate  the  potentials  at  x,  y,  z  due  to  the  distribution  on  each  of  the  outer  surfaces.  For  the 
potential  at  x,  y,  z  due  to  sources  distributed  over  the  forward  face,  we  have 

S/(al-xo>,z)  =  P  P  a,  Cv',z')^(a, -x,y'  -y,z' -z)  dy'dz'  (F21) 

Jfi  j!,i 

The  potential  expression  due  to  sources  distributed  on  the  downstream  face  becomes 

S Aa2-x,y,z)  =  f 2  ojy' ,z'Ws(a2-xj' -y,z' -z)dy'dz'  (F22) 

•if] 

For  sources  distributed  on  the  upper  face,  the  expression  becomes 

Su(*,y,c2-z)  =  (  2  (  2  ou(x' ,y'Ws(x'  -xj'  -y,c2-z)dx'dy'  (F23) 

Jaj  •'ftj 

For  sources  distributed  on  the  lower  surface,  the  expression  for  the  potential  is  given  as 

S d(xo’,ci-z)  =  \  2  P  a^x'  ,y')4s(x’ -x,y'  -y,cl-z)dx'dy'  (F24) 

J»1  J»j 

For  sources  distributed  on  the  left-hand  outboard  face,  the  potential  expression  is 

S0(jr,b, -_y,z)  =  f 2  [ 2  <j0(x' ,z')\l/s(x’  -x,bx-y,z’ -z)dx’dz’  (F25) 

J«i  Jci 

and,  for  the  right-hand  side  source  distribution,  the  potential  is 

S0(x,b2-y,Z)  =  P  (  2  a0(x’,z')yps(x' -x,b2-y,z' -z)dx'dz'  (F26) 

Jc, 

Similar  expressions  may  be  constructed  for  the  doublet  distributions.  For  example,  for  the  potential  due 
to  a  doublet  distribution  applied  to  the  downstream  face,  we  have  the  expression 

D £a2-x,y,z)  =  (2  P  njj' ,z')id^a2-x,y'  -y,z' -z)dy'dz'  (F27) 

Jc,  Jf>l 
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The  general  expression  for  the  potential  at  a  station  x,  y,  z  due  to  source  and  doublet  distributions 
applied  to  the  external  mesh  boundaries  is  given  by 

<fi0(xj,z)  -  expO'XMx)  js/a2 - xj\z)  +  S ,(a,-xj\z)  +  T)^a2-x,y,z) 

+  D  t(al-xj,z)  +  Su(x,y,c2-z)  +  Sj(x,y,c,-z)  +  Dtt(*,y,c2  -  z) 

+  D^x.y.c,  -  z)  +  S  „Xx,b2-y,z)  +  S  ot(x,bl-y,z) 

+  D  orlx,b2-y,z)  +  T>ot(x,bl-y,z)  +  (F28) 

where  \pw  is  the  potential  due  to  the  wake. 

lb  obtain  the  external  potential  on  the  upstream  face,  we  note  from  equation  (F16)  that 
D,(a,  -xo>,z)  =  ~n(y,z)  /  2K  for  values  of  x<a,. 

Therefore  the  external  potential  on  the  upstream  face  is  given  as 
v’o(aiJVZ)  =  exp(/XMa,)  js^-a,  j,z)  +  S,(o,y,z)  +  D^a2-auy,z) 

-  n(y,z) /2K  +  Su(a„y,c2-z)  +  S/alty,Ci~z) 

+  Du(aIty,c2-z)  +  D^a^.q-z)  +  Sor(ai,b2-y,z) 

+  S^fa,,*,  ~y,z)  +  Dor(aub2-y,z)  +  D0,(a,h, -y,z) 

+  ^auy,z)}  (F29) 

In  a  similar  fashion,  we  evaluate  the  potential  at  stations  downstream  of  the  forward  face  and  note  from 
equation  (F16)  that  Df  =  +  n(y,z)  /  2K  for  values  of  x>a,  and  thus  obtain 

fo(a\ O'*)  =  exp(/XMa,)  js,(a2-a,  j'.z)  +  S,(o,y,z)  +  D^aj-a, j’.z) 

+  MJ y<z)  /  2K  +  Su(a,,y,c2-z)  +  S^a^.c, -z) 

+  DH(alvy,c2-z)  +  D^a,  j'.Cj  -z)  +  S0(.(a„h2-y,z) 

+  D ot(a„b,-y,z)  +  D  0Aa„b2-y,z) 

+  S0,(a,,*|-y.z)  +  ^w(a,.y,z)]  (F30) 

We  now  set  the  external  potential  on  the  interior  of  the  grid  equal  to  zero  by  imposing  the  boundary 
condition 

<u0(a,  +  ,y,z)  =  0  (F31) 

and  couple  equation  (F31)  with  equation  (F29)  to  arrive  at  the  potential  expression  on  the  outer  face  as 


-  ,y,z)  =  -  exp(/XMa,)^Cv,z)  /  K 


(F32) 


’V^. it*  4-it  »*» J-vJr.*  |tM.t  ft'  .  t  i.*.'U,’«»  a*  .»*•»-*»  “.fa' 


I  *»l  *»i  ‘  »5  ‘k!  .f  -  *t  -|»a 


which  must  be  used  together  with  the  interior  potential  expression  that  is  set  to  zero 

S^-^jvz)  +  S r(oj>,z)  +  D^-a^z)  +  nt(y,z)  /  2K 
+  S„(a„y,c2-z)  +  S^ajj'.c,-^)  +  Du(aXty,c2-  z)  +  D^a,  j-.c,  -z) 

+  D  ot(ai,bi-y,z)  +  Dor(aub2-y,z) 

+  S0£ax,b2-y,z)  +  Sotfai.bi-y.z)  +  ^^a^.z)  =  0  (F33) 

The  potential  is  set  equal  to  zero  just  inside  of  the  downstream  face,  and  we  arrive  at  an  expression  for 
the  potential  on  the  outer  surface  of  the  downstream  face  given  as 

*0(02+  <y>z)  =  exp(/XMfl2VfO\z)  /  K  (F34) 

subject  to  the  condition  defined  for  the  interior  potential  expression  given  as 
S({ax-alty,z)  +  S/oj-.z)  -  n,(y,z)  /  2 K  +  D l(al-a20',z) 

+  S  u(a2ty,c2-z)  +  Sd(a2,y,c1-z)  +  D  u(a2ty,c2-z)  +  j-.c,  -  z) 

+  S  ol(a2,b2-y,z)  +  S^a^-y.z)  +  Dja2,b2-y,z) 

+  D  ot(a2,bl-y,z)  +  iw(a2j>,z)  =  0  (F35) 

lb  obtain  similar  expressions  for  the  region  of  the  lower  grid  surface,  we  employ  equation  (F9),  allowing 
z  to  approach  c,  through  values  of  z<c,,  which  results  in  the  expression  for  external  potential  given  as 

<Pa(x,y,c ,-)  =  -  expO'XMjrj/^x.y)  (F36) 

subject  to  the  condition  that  the  interior  potential  is  zero  as  defined  by 

S/02-x.y.Ci)  +  S,(a,-Arj-,Ci)  +  D^-xj'.c,)  +  D,(a, -x,y.c,) 

+  D  0,(*,b,-y,c,)  +  Dor(x,b2-y,c,) 

+  Su(x,y,c2-c1)  +  S^,y,o)  +  Du(x,y,c2-c,)  +  n/xj)  /  2 

+  SorCx,b2-y,c,)  +  +  iw(xj,C\)  =  0  (F37) 

In  a  similar  fashion,  the  potential  (exterior  and  interior)  on  the  upper  surfaces  is  given  by 

v0(x,y,c2  +  )  =  exv(i\Mx)nu(x,y)  (F38) 

and  subject  to  having  the  interior  potential  set  to  zero,  which  is  given  as 

S Aa2-xyy,Ci)  +  S,(a,  -xj,^  +  Dfa-xj,^  +  D,(a, -jr.y.c,) 

+  Su(x,y,o)  +  S^jr.y.c,  -  -  nu(x,y)  /  2  +  Dd(x,y,c]  -  c2) 

+  Soe(x ,b2-y,C2)  +  Stfix.b,  -y.cj  +  Dor(x,b2- y,c2) 

+  Dof(x,b, -y.Cj)  +  \Pw(x,y,c2)  =  0  (F39) 
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For  the  potential  (external  and  internal)  at  y  =  b2,  we  obtain 

<fi0(x,b2+  ,z)  =  exp(i\Mx)n(x,z) 

subject  to  having  the  internal  potential  set  to  zero  as  defined  by 

S,(a2-x,b2,z)  +  S,(a,  -x,b2,z)  +  Dr(a2-x,b2,z) 

+  D,(a,-x,b2,z)  +  Su(x,b2,c2-z)  +  S  £x,b2>cx-z) 
+  D  u(x,b2,c2-z)  +  D^x.b^-z)  +  S  or(x,o,z) 

+  S„t(x ,bt-b2'Z)  -  tior(x,z)  /  2  +  T>ot(x,bl-b2,z) 
+  i pw(x,b,z)  =  0 


APPENDIX  G 


EQUATIONS  COUPLING  THE  POTENTIALS  FROM  THE  SOURCE  AND  DOUBLET 
DISTRIBUTIONS  TO  THE  FINITE  DIFFERENCE  BOUNDARY  POTENTIALS 

The  linear  exterior  solution  is  set  equal  to  the  interior  finite  differencing  solution  by  equating  poten¬ 
tials  and  normal  derivatives  at  the  boundary  that  separates  the  two  solution  procedures. 

The  exterior  potential  that  is  developed  from  applying  sources  and  doublets  to  the  exterior  boundary  of 
the  grid  network  is  defined  as  <t>0. 

The  potential  at  a  general  finite  differencing  grid  station  (ijk)  of  the  interior  grid  network  is  represented 

by  «</*• 

On  the  forward  boundary  face  that  is  located  halfway  between  x  =  x,  and  x  =  x2,  the  exterior  potential 
and  normal  derivative  are  equated  to  the  interior  potential  and  normal  derivative  of  the  finite- 
differencing  solution  as  follows: 


<t>0(o\<y,z)  =  (<t>Vk  + 


<t>ox(auy,z)  =  toyk  -  *v*)/(x2  _  *1) 


(Gl) 


which  is  rearranged  to  a  form 


<t>\  jk  ~  <t>o  ~~  &X)<t>ox/2 

<t>Vk  -  <t>0  +  A*i*o,/2  (G2) 


where  Ax,  -  x2  -  x{. 

The  exterior  potential  <t>0  is  given  in  the  form 


<t>0  =  exp(i\Mx)ta 


(G3a) 


and  its  derivative  is  given  as 

<t>ox  =  [(1  -/XMAx-,/2)^  +  tox]  exp(fXMx)  (G3b) 


We  substituted  equations  (G3a)  and  (G3b)  into  equation  (G2)  to  produce 

<t>i jk  =  [(1  -  «XMAx,/2)  t0  -  Ax,  t01/ 2]  exp(iXMa|) 

<t>% jk  =  [O  +  f'XMA*,/2)  to  +  &XI  2]  exp(/XMfl|)  (G4) 


.  AStLM.  aI.  4', *14vi_1-j 


t  t'_X*  (•■  J  _4fc  fc  j  f.  .-  ft‘«  *  • 


By  taking  the  x  derivative  of  the  4>0  expression  given  in  equation  (F28),  \pox  is  obtained.  That  is, 

4>ox  =  J-  (SKflj-JfJ'.z)  +  S,(a2-x,y,z)  +  D,(a,  -  x.y.z) 

+  D,{a2-x,y,z)  +  Su(x,y,c2  -  z)  +  S^x.y.c, -z) 

+  D  u(x,y,c2-z)  +  D^xj-.c,  -  z)  +  Sor(x,b2-y,z) 

+  S0,(*,h,-y,z)  +  D  or(x,b2-y,z)  +  D0,(x,h, -y,z)  +  (G5) 

All  terms  of  equation  (G5)  are  continuous  at  x=al  except  the  term  which  takes  the  form 

^-(S ,(a,-x,y,z))  =  -  D t(a{-x,y,z)  (G6) 

OX 

Since  vanishes  identically  inside  of  the  grid  region,  we  obtain  the  expression  for  the  derivative  \pox 
given  as 

'Pox  -  Of(y>z)/K  (G7) 

as  x  approaches  a,  through  values  of  x  that  are  less  than  a,.  For  values  of  x  >  a2,  the  derivative 
expression  becomes 

'Pox  -  -  ar(y,z)/K  (G8) 

Substituting  equation  (F32)  for  the  definition  of  <t>0  ( auy,z )  along  with  the  expression  for  \pox  of  equation 
(G7)  into  equation  (G4),  we  obtain  the  expressions  relating  the  potentials  of  the  finite-differencing  grid 
to  the  external  potentials  in  the  upstream  face  given  as 

</>,,*  =  [-(>  -  i'XMAx1/2)M>'./,z*)  -  Ax,a,Cyy)z*)/2j  exp(/\Ma,)/K 

fplik  =  [-(1  +  iXM.Axi/2)n,(yj,zk)  +  Ax,afCvy,z*)/2]  exp(/\Ma,)/K  (G9) 


lb  obtain  the  relationship  between  external  and  internal  potentials  on  the  downstream  face,  we  equate 
the  potentials  and  normal  derivatives  at  a  plane  that  lies  halfway  between  x  =  x,  and 
x  =  x,  _ .  as  follows: 

'm  1 


<t>0(a2^j,zk)  =  (<t>,mjk  +  <t>im  -  \jk)/2 

<P0x(a2 <yrzk)  =  (<t>,mJk  -  <t>,m-VkV(x,m  -  x,m_,) 


which  results  in 


<t>imjk  =  [(1  +  i\M&xm/2)\P0  +  Axm  iox/2^  exp(/XMa2) 
=  [{l-iXMAx„/2)ifr„  -  Axm^ox/lj  exp(/XMa2) 


The  expressions  for  the  external  potential  and  its  derivative  (obtained  from  equations  (F34)  and  (G8)) 
are  inserted  into  (Gil)  to  produce 


=  [(I  +  /XMAxm/2)/i^,z*)  -  AxmoJjj,zk)/l\  exp(/XMa2)/K 
=  [(1  “  /XMAxm/2)/irCv;,z*)  +  AxmaJo>j,Zk)/2\  exp(/XMa2)/K 


The  equations  applicable  to  the  remaining  faces  of  the  network  are  developed  following  the  above 
procedures.  Solution  coupling  equations  developed  for  the  lower  boundary  and  located  on  a  plane  z  =  c, 
situated  halfway  between  the  first  and  second  finite-differencing  stations  z  =  z,  and  z  =  z2  are  given  as 


<t>0(Xj,yj,ct)  =  (<t>ux  +  <t>ij7)/2 


<t>oz(XiJj,Ci)  =  ~  <t>ijiV(Z2  -  z,) 


and  reorganized  into 


<t>ij\  =  4>0(Xi,yj,cx)  -  Az^o^JpCj/I 


=  <t>0(Xi,yj,cx)  +  Azx<t>oz(x/,yj,cx)/2 


where  Az,  =  z2  -  Zx- 


The  potential  derivative,  <b0.,  is  obtained  by  taking  the  derivative  of  equation  (F28)  v’ith  respect  to  Z- 


y  4>0(x,y,z)  =  exp(iXMx)  [Sf(o2  -  x,y,z)  +  S,(at  -x,y,z) 


+  Dr(fl2  -  x,y,z)  +  D  t(ax-x,y,z)  +  Su(x,y,c2-z)  +  S  d(x,y,cx-z) 


+  D u(x,y,c2-z)  +  Dd(x,y,cx  -  z)  +  Sor{x,b2-y,z)  +  Sof(x,h, -y,z) 


+  D  or(x,b2-y,z)  +  D  of(x,bx-y,z)  +  ^w) 
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All  derivatives  of  equation  (G15)  are  continuous  across  the  boundary,  with  the  exception  of 


—  SjCrj’.c,  -z)  =  -  Dd(x,y,cs  -z) 
oz 


which  is  evaluated  using  equation  (F9)  with  a(x,y)  replaced  by  n(x,y).  On  the  inside  of  the  network,  4>oz  is 
set  to  zero,  and  this  allows  the  derivative  on  the  outside  to  be  given  as 


<t>oz  =  exp(/'XMx)ff(x,y) 


The  potential  on  the  outside  of  the  lower  surface  is  given  by  equation  (F36)  as 

4>0  =  ~  exp(i\Mx)n^.x,y) 

Inserting  (G17)  and  (G18)  into  (G14)  yields 


<t>iji  =  [-  HdfXiJj)  -  exp(/XMx,) 

=  [-  M-W;)  +  &Z\°d(x„yj)/2\  exp(/\Mx,) 


Coupling  equations  applicable  to  the  upper  boundary  are  determined  in  a  similar  manner.  The  upper 
boundary  is  located  on  the  plane  z  =  c2  situated  halfway  between  the  two  top  finite-differencing  sta¬ 
tions  z  =  zkm  and  z  -  z*m-]  (where  km  represents  the  maximum  value  of  k).  The  boundary  equations 
are  given  as 

<t>0(x„yj,C2)  =  (<t>ljkm  +  <t>IJkm-  ,)/2 

<t>oz(Xi,yj,c2)  =  -  <t>ijkm-\)/(zkm  -  z*m-i)  (G20) 

from  which  we  obtain 

<t>ijkm  =  <t>o  +  &Zm<t>oz/2 
<t> ijkm -I  =  <t>o  ~  &Zm<t>oz/ 2 

AZm  =  ~  (G21) 

The  derivative  of  the  external  potential  is  evaluated  by  taking  the  derivative  of  the  potential  equation 
(F28)  with  respect  to  z  and  noting  that  all  derivatives  are  continuous  across  the  upper  boundary  except 
for  the  derivative  defined  by 

~  Su(x,y,c2). 
oz 
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This  term  is  evaluated  using  the  relationship 


V  V 


9 


of  equation  (F9)  where  n(x,y)  is  replaced  by  o(x,y)  in  (F9).  Using  an  additional  condition  that  the 
derivative  on  the  inside  of  the  grid  is  identically  zero,  we  then  have  the  result  that  the  derivative  of  the 
potential  in  the  region  exterior  of  the  grid  becomes 

4>oz  =  ~  exp(i)Mx,)ou(xj,yJ) 

with  the  external  potential  <t>0(x,y,c2)  given  in  equation  (F38)  by  <t>0{x,y,c2)  =  exp(/XMx,) 

The  above  external  potential  and  derivative  are  inserted  into  equation  (G21)  to  produce  relationships 
between  the  finite-differencing  potentials  and  the  exterior  potentials  on  the  upper  boundary,  which  are 
given  as 

<t>Ukm  =  [nu(x«yj)  ~  Azmou(xi,yJ)/2\  expO'XMx,) 

4>,]km  \  =  [nu(.x„yj)  +  Azmffu(x/j';)/2]  expO'XMx,)  (G22) 


Coupling  equations  applicable  to  the  outboard  boundary  are  developed  on  a  plane  defined  as  y  =  b2  that 
is  situated  halfway  between  y  -  y2  and  y  =  y}  The  equations  that  provide  continuity  between 
potentials  and  normal  derivatives  ofthe  interior  and  exterior  regions  are  given  by 


<t>o(X„b2,Zk)  =  (0ym*  +  1*)/2 

<t>oy(x„b2,zk)  =  (4>ijmk  -  -  yjm- 1)  (G23) 


which  may  be  reorganized  into  the  form 

4>lJmk  =  <t>o  +  Ay„<t>oy/2 


^/>m  i*  ® o  2±y m0 0yi  2 


where  Aym  =  yJm  -  yJm 

From  equation  (F10),  with  the  conditions  that 


-  D„ 


(G24) 


and  the  interior  derivative  is  zero,  we  obtain  boundary  conditions  for  the  outboard  boundary  defined  as 

<t>ijmk  =  [m0(*,.z*)  -  Aymo0(x„zk)/2j  exp(/XMx,) 

<t>iJm-\k  =  [yo(x„Zk)  +  Aymo0(x,,zk)/ 2]  expfiXMx,)  (G25) 
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The  wing  is  assumed  to  be  symmetrical  about  the  wing  root  chord  at  y  =  0.  Thus,  we  combine  and 
simplify  some  of  the  integrals.  For  example,  on  the  aft  boundary  at  x  =  a2,  the  integral  for  the  potential 
due  to  a  source  distribution  applied  to  the  aft  boundary  face  is  expressed  as 

SXa2-x,y,z)  =  £2f2  or(y'X)  \is(a2-x,y'  -y,z' -z)  +  ip2-x,y'  +y,z' -z)]  dy'dz'  (G26) 
Redefining  the  inner  expression  to 

iPi-x,y'jX-z)  =  is(a2-x,y'  -yX-z)  +  is(a2-x,y'  +y,z' -z)  (G27) 


we  obtain  the  above  integral  in  the  form 


Sp2-x,yz)  =  f  2f  ‘  o^y'X)  ipi~x>y'  ,yX -z)dy'dz' 

Jci  Jo 


(G28) 


The  other  potential  integrals  may  be  put  in  a  similar  form  as  indicated  by  the  following. 


Se(a,  - x j.z)  =  of(y,,z,)iJal-x,y',y,z'  - z)dy ' dz ’ 

Jcj  Jo 

Su(j:,y,c2  -  z)  =  f  2  \  2  op '  ,y ’ )  ip '  -  x,y '  ,y,c2  -  z)dy '  dx ' 

J  aj  J  o 

Sd(x,y,c,  -  z)  =  ( 2  (  op '  ,y ' )  ijx '  -  x,y '  ,y,c,  -  z)dy '  dx '  (G29) 

J  O 

For  convenience,  we  retain  separate  source  and  doublet  relations  for  the  outboard  t  oundary  faces  lo¬ 
cated  at  y  -  bx  and  y  -  b2  and  note  that 

ap',z')  =  op'  X)  =  op'  X) 

Hop’X)  =  ixp'X)  =  n0(x'’Z')  iG30) 

We  represent  the  distribution  of  sources  and  doublets  applied  to  the  external  boundaries  by  a  combina¬ 
tion  of  global  functions  that  are  sectionally  continuous  over  each  outer  boundary  face.  The  applied 
source  distributions  are  represented  by 

NL 

op’X)  =  £  aj[(y’X) 

n  •  1 

NR 

or(y'X)  =  2  «"/» O''.*') 

n  *  J 

VD 

op  ,y')  =  ^  ,y') 

n  ■  l 

NV 

op',y')  =  ^ 

n  *  1 
NO 

op'X)  =  £  a°JUx'X)  (G31) 
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The  doublet  distributions  applied  to  the  individual  boundary  faces  are  defined  as 

ML 

N(y’.z')  =  J  fi'j'n{y',z') 

n  ■  J 
NR 

*  2  0nfn(y',Z') 
n  -  1 

ND 

=  S  M(x’,y’) 

n  m  1 

NU 

nu(x',y')  =  2  0“fn(x',y') 

n  *  1 

NO 

Hoix'.Z')  -  2  (*■'.«') 


(G32) 


where  a  and  (3  quantities  are  parameters  to  be  determined  to  satisfy  the  boundary  conditions  on  the  five 
faces  of  the  reduced-size  grid  boundary. 

Doublet  integrals  may  now  be  developed  in  the  manner  corresponding  to  the  S  integrals  ((G28)  and 
(G29))  having  source  distributions  defined  by  (G27).  For  example,  the  potential  due  to  the  doublet 
distribution  applied  to  the  aft  boundary  face  is  defined  as 

D,(a2  -x,y,z)  -  tydMi-xj'  ~y,z' -Z)  +  ^d^a2-x,y’  +y,z' -z)]dy’dz’ 

which  is  rewritten  as 

Dr(a2  -x,y,z)  =  f 2  [  2  Hr(y  '  ,< '  Hsx^i  ~  x,y '  ,y,z '  -  z)dy '  dz  '  (G33) 

*'C|  J  o 

where 

ypjta2-x,y' ,y,z' -z)  =  idx(a2-x,y'  -y,z'-z)  +  i^^-x.y'  +y,z'  -z) 

The  remaining  potential  expressions  are  described  in  a  similar  fashion. 

In  order  to  shorten  the  notation,  the  integrals  of  the  global  functions  are  designated  as  follows: 

w'(ff,-r,y,z)  =  ( 2  f  2  f'„(y',z')  ijfii-xy ,y,z' -z)dy'dz' 

W '(fl2 - x,y ,z)  =  ( 2  P  f'n  O' '  ,z‘ ' )  - x,y ' ,y,z '  -  z)dy ' dz ' 

JC|  Jo 

wfo,y,c,-z)  =  ( 2(  2  ft(x',y’)  ijx'  -x,y'y,ci-z)dy'dx' 

J  flj  J  o 

W u„(x,y,c2-z)  =  \°2\b2  fn(x' y)  iss(x'  -x,y',y,c2-z)dy'dx' 

d  0|  d  0 
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W”'(x,62-y,z)=  f  2f 2  f°r(x’,z')  'PJx'  -x,b2-y,z'  -z)dz'dx' 

• 

W *(x,bs-y,z)  *  rT2/?(*',z')  tf„(x'-x.6, 

J°rci 

(G34) 
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Similar  expressions  may  be  constructed  for  the  doublet  distributions;  for  example,  the  potential  due  to 
the  global  sheet  of  doublets  applied  to  the  aft  boundary  face  is  given  by 


Vr„(a2-x,y,z)  =  Pp/JCy'.z')  (a2-xj'  ,y,z' -z)dy'dz' 


The  source  integral  then  becomes  (for  the  aft  face  boundary) 


Sr (a2-x,y,z)  =  X  a'„'W'„(a2-x,y,z) 


and  the  doublet  integral  becomes 

NR 

Dr(a2-x,y,z)  =  X  0r„'Vr„(a2-x,y,z)  (G37) 

n  « 1 

The  boundary  condition  equations  of  equations  (F32)  and  (F33)  are  revised  to  include  the  above  notation 
to  describe  the  potentials  on  either  side  of  the  upstream  boundary  face: 


for  x  <  a,, 


for  x  >  a,, 


<t>0(auy,z)  =  -  exp(/XMa1)/i,0\z)/K 


(G38) 


'l'o(ai*y<z)  =  5)  a'W'(o,>\z)  +  X  a' W' (a2-a1(y,z) 


+  X  iW.c.-z)  +  X  «:w;(a„y,c2-Z) 


+  2  0'nf'n(y,z)/2K  +  X  /3^V;(a2-«Ifcy,2)  +  X  0?  V*(a„y,c, -z) 


/VI/  NO  . 

+  2  /3"V;(a,,y,c2-z)  +  X  «"  [  W"(a„&2-y,z)  +  W*(a„6,-y,z)] 


+  2  0"  [  V"(a„fr2-y,z)  +  V”(a„6,-y,z)]  +  tw(auy,z)  =  0 


Equations  (F34)  and  (F35),  which  describe  the  potentials  on  either  side  of  the  downstream  or  aft  bound¬ 
ary  face,  are  revised  as  follows: 

for  x  >  a2, 


<fi0(a2,y,z)  =  exp(/XMa2KO\z)/K 


(G40) 


<4*  I**-#**; 
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for  x  <  a2, 


iMfliO'.*)  =  2  a"W"  (ai~a2>y>z)  +  s  a'n'WrAo,y,z) 


+  2  atwUeM-z)  +  2  “«W Uwcz-z)  +  2  0yi(at-a2,y,z) 


-  2  ^:/;^)/2K  +  2  /3"V"(o2j-,c,-z)  +  2  V"(o2j',c2-?) 


NO 

+  2  [  W°(a2,ft2-.y,z)  +  W“  (a2,h, -y,z)  ] 


NO 

2  0°  [  V°  (a2,b2—y,z)  +  V“(a2,b,-.y,z)  J  +  iMe2,y,z)  =  0 


Equations  (F36)  and  (F37),  which  describe  the  potentials  on  either  side  of  the  lower  boundary,  are 
revised  into  the  following  forms: 


for  z  <  c„ 


for  z  >  C[, 


h(x,y,cO  =  -  nd(x,y) 


4,0(xj,c{)  =  2  a„^'Aax-x,y,c{)  +  2  «* (a2-x,y,c,) 


+  2  a^W^(x,y,0)  +  2  a” W"(x,y,c2-c,)  +  2  0n^'n(a\-x,y,c{) 


+  2  +  2  0dnft(x,y)/2  +  2  ^v;(jf^,c2-c,) 


NO 

+  2  [W’Cv^-^C,)  +  Vf°n  (x9bx  -J.C,)] 


NO 

+  2  0°  [V"(Jf,62-y,c,)  +  V®(2f,6,-y,c,)]  +  ^w(Ar,y,c,)  =  0 
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Potentials  on  either  side  of  the  upper  boundary  face  defined  by  equations  (F38)  and  (F39)  are  revised  to 
the  following  forms: 


for  z  >  c2, 


'l'0(x,y,c2)  =  nu(x,y) 


for  z  <  c2, 


'P0(x,y,c2)  =  £  a,nW'n(al-xo',c2)  +  X  a'„W'r  (a2-xty,c2) 


+  X  a*W»  —  c2)  +  X  a“w“  (*,>', 0)  +  X  f3"  V»(fli-^,C2) 


+  X  ^^VUa2-W2)  +  ^  &ydn(x,y,cx-C2)  -  X  0“j:(xO'V 2 


/vo 

+  X  “« [W“(*,b2-.y,c2)  +  W“  (*,b, -y,c2)] 

ft- I 

NO 

+  X  [v^Jc.hi-y.c^  +  +  i^xj,^  =  0 


Equations  (F40)  and  (F41)  are  also  reformatted  into  the  following  forms: 


for  y  >  b2. 


for  y  <  b2. 


\p„(x,b2,z)  =  n0(x,z) 


\l>0(x,b2,z )  =  X  °‘n'W„(ai-x,b2,z)  +  X  «»  W'  (a2-x,b2,z) 


+  X  «'W'(x,b2,c,-z)  +  X  W“  (x,b2,c2  —  z)  +  X  /C V'„(fl,-X,h2,z) 


+  x  (ff2-jf,h2,z)  +  x  0^Ux,b2,Cl-z)  +  x  &:v:(x,b2,c2-z) 


NO 

+  x  «:[w:(w>  +  w°  (x,b[  -  i>2'Z)j 

ft- 1 

NO 

+  X  P°»  [Vft  (xfb\  ~ b2,z)  -  f°n(x,z)/ 2]  +  ^w(x,b2,z)  =  0 


L_ 


:iKyyyyiftGft<v>c. 


(G46) 


The  expressions  associated  with  boundary  conditions  and  relating  the  finite  differencing  values  to  the 
exterior  potentials  are  now  written  using  the  above  a  and  0  variables. 

We  now  define  new  constants  to  shorten  the  equation  writeup;  that  is,  we  let 

c,  =  1  +  /XMAx,/2 

C\  =  1  -  /XMAjq/2 
c2  =  1  +  /'XMAxm/2 

c2  =  1  -  iXMAxm/2  (G48) 

Then  the  coupling  equations  applicable  to  the  left-hand  boundary  as  defined  by  equation  (G9)  are  refor¬ 
matted  into 

nl 

<t>iJk  =  -  expO'XMa,)  j  (Cjj3l  +  Ax^a„/2)f'n(yJtzk)/K  (G49a) 

/»»  1 

NL 

<t>2jk  =  -  exp(iXMtf,)  J  ~  /2)f„(j>j,zk)/K  (G49b) 

n  *•  I 


Downstream  boundary  coupling  equations  defined  in  equation  (G12)  are  revised  to  include  the  a  and  /3 
definitions  which  now  take  the  form 

NR 

=  e*p(*XMjj)  2  (CiPn  -  Axma'  /2)  fr„  0'/,z*)/K  (G50a) 

n  - 1 

NR 

<t>im-ijk  =  exp(/XM flj)  2  (c2  0r„  +  Axma'  /2)  {ypzk)/K  (G50b) 

/r«  I 


The  lower  surface  boundary  conditions  described  by  equation  (G19)  are  revised  into  the  following  forms. 

ND 

•  expf/XMx,)  j  +  Az,  aJ/2)  (*„>-,)  (G51a) 


*0i  =  exp(/XMx)  2  (  "  Pi,  ~  Az,  adJ2)ft  (x,^) 


(G51b) 


Coupling  equations  applicable  to  the  upper  boundary  face  are  changed  from  the  form  given  by  equation 
(G22)  into  the  following  expressions. 


NU 

<t>ijicm  =  expO'XMx,)  2  03"  -  Azm  a.uJ2)  f“  (x„y7)  (G52a) 

n  *  1 


NU 

<t>Ukm  \  =  expO'XMx/)  ^  (d“  +  Azm  cx“n/2)f“(xi,yJ) 


(G52b) 


The  boundary  conditions  to  be  satisfied  on  the  outboard  face  are  now  defined  as 


<t>,Jmk  *  expO'XM*,)  ^  03“  -  Aym  aaJ2)  f°n(x,,zk) 
/»■  1 

NO 

=  exp(/XMjf,)  £  03“  +  Aj*  oty2)f„(x,,zk) 


# 

(G53a) 

(G53b) 
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EQUATIONS  FOR  THE  EXTERNAL  APPLIED  POTENTIAL  USING  A  LEAST  SQUARES 

APPROACH 


The  grid  network  is  composed  of  (im)(jm)(km)  grid  stations.  The  boundaries  that  separate  exterior  and 
interior  solution  regions  are  located  between  the  first  two  and  last  two  grid  stations  of  each  coordinate 
axis;  that  is,  the  forward  boundary  is  located  halfway  between  the  grid  stations  x,  and  x2;  the  aft 
boundary  is  located  halfway  between  Xj ,  and  xJm)  the  lower  boundary  is  located  between  z,  and  z2;  the 
upper  boundary  is  located  between  zk  and  zk  ;  and  the  outboard  boundary  is  located  between 
*m- l  •***„- 

Boundary  equations  (G49a),  (G50a),  (G51b),  (G52a),  and  (G53a)  are  used  to  eliminate  the  potential 
equations  of  the  finite  differencing  grid  that  are  exterior  of  the  boundaries.  This  results  in  ( im  -  2 )(jm  - 
2)(km-2)  potentials  to  be  evaluated  for  the  finite  differencing  grid.  There  are  2(NL+NR+NU+ND+NO) 
parameters  associated  with  the  source  and  doublet  distributions  applied  to  the  exterior  boundary  that 
need  to  be  evaluated.  Potentials  are  specified  for  the  interior  finite  differencing  grid  stations  that  are 
directly  adjacent  to  the  boundaries,  as  indicated  by  equations  (G49b),  (G50b),  (G51a),  (G52b),  and 
(G53b),  which  make  up  a  total  number  of  equations  indicated  by  2(im  -  )(Jm  -  2)  +  2(/m  -  2)(Arm  -  2)  + 
(im-2)(km-2). 

The  global  distributions  of  sources  and  doublets  applied  to  the  boundary  exterior  have  strengths  that 
are  determined  using  least-squares  error  procedures.  For  convenience,  we  define  a  new  set  of  functions 
that  describes  the  boundary  conditions  of  equations  (G49b),  G50b),  (G51a),  (G52b),  and  (G53b)  in  the 
form 

NL 

iyk  -  <t>yk  +  expfiXMa^fCj/S'  -  Axla'n/2)  f'n(yrzk)/K  =  0 


NR 

iim-uk  =  -  4>im-\ik  +  exp(/XM«2)£  (c2/?'„  +  Axm*J2)  f„  (y,,z*)/K  =  0 

1 


+  exp(/XMxy)]^ ( -0dn  +  Az1ad„/2)ft(,x„yJ)  =  0 

n  ■  1 


NV 

^,jkm-,  =  -  <t>,jkm-,  +  exp(/XMx,)^(^“  +  Azmay2)fun(x„yj)  =  0 

«-  1 


NO 

iiJm-\k  =  -  +  exp(iXMx,)^(/3°  +  Ayma°J2)f„  (x„zk)  =  0 


(HI) 


We  now  apply  a  least-squares  approach  to  obtain  the  best  approximation  to  the  boundary  conditions. 
The  stations  used  in  the  least-squares  approximation  are  defined  to  be  located  at  x, ,  ym,  z„  and  do  not 
necessarily  coincide  with  the  mesh  grid  points.  The  function  to  be  minimized  is  developed  by  combining 
the  sums  of  the  squares  of  equations  (G39),  (G41),  (G43),  (G45),  (G47),  and  (Hi).  This  leads  to 
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F(aJ)  =  ^  ^  (<IlO'm»2n)  +  2  ^o(«2  ^m.^n)  +  2  l) 


|  «|  ^  *  J 

^ o  (-*“t)'m»^2)  4-  J]  0 0  (-*V>^2>£n)  4  £  £  *U 


+  5  ^(^1*  +  tf?m-</l)  +  S  2  ^'>*m-'  +  ^  =  0 


The  function  F(a,d)  is  minimized  by  equating  the  partial  derivatives  with  respect  to  a  and  0  to  zero.  The 
number  of  equations  developed  within  this  procedure  is  2(NL+NR+ND+NU+N0),  which  provides  for  a 
system  of  equations  that  is  determinate. 

The  variables  are  numbered  for  purposes  of  computation.  A  single  variable,  <rt,  is  designated  to  repre¬ 
sent  both  source  and  doublet  parameters. 

Thus  for  source  parameters  a,  we  have  the  following  a  to  ak  correspondence. 


a';  for  n  -  1  to  NL 


a';  for  n  =  1  to  NR 


a  '  for  n  -  1  to  ND 


a“;  for  n  =  1  to  NU 


a";  for  n  =  1  to  NO 


ok;  for  &  =  1  to  NL 


a*;  for  k  =  NL  +  1  to  NL  +  NR 

ok;  for  k  =  NL  +  NR  +  1  to  NL  +  NR  +  ND 

ok,  for  k  =  NL  +  NR  +  ND  +  1  to  NL  +  NR  +  ND  +  NU 

ok;  for  k  =  NL  +  NR  +  ND  +  NU  +  1  to  NS  (I 


$| 

ft 

ft 


For  the  doublet  parameters  0,  we  have  the  0  to  ok  relationship  designated  as 


0'„;  for  n  =  1  to  NL 


for  k  =  NS  +  1  to  NS  +  NL 
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0rn;  for  n  -  1  to  NR 


0„;  for  n  =  1  to  ND 


0“„;  for  n  =  1  to  NU 


/3";  for  n  -  1  to  NO 


ok\  for  k  =  NS  +  NL  +  1  fo  NS  +  NL  +  NR 


<jk;  for  k  =  NS  +  NL  +  NR  +  1  to  NS  +  NL  +  NR  +  ND 

ok\  for  k  =  NS  +  NL  +  NR  +  ND  +  1  to  NS  +  NL  +  ND  +  NR  +  NU 


ok\  for  k  =  NS  +  NL  +  NR  +  ND  +  NU  +  1  fo  2NS 


Interior  potentials  of  equations  (G39),  (G41),  (G43),  (G45),  and  (G47)  are  put  in  a  more  compact  form 
associated  with  new  coefficients  defined  in  the  following  equation  set. 


t 


l 


lM«iO\z)  =  ollc(y,z)  +  ijfixj,z) 


V'o^.^'.z)  =  2ff*  aik(y<z)  +  ^w(o2,y,z) 


4i0(xy,c{)  =  ^ak  aik(xj)  +  tw(x,y,ct) 


'l'0(xj,eJ  =  ^(xjO  +  iw(x,y,c^ 


i0(x,b2,z)  =  X  aj*(*.z)  +  ij.x,b2,z) 


The  arrays  and  aSk,  are  defined  in  terms  of  the  source  and  doublet  integrals  by  the  chart 

in  Appendix  I. 

The  equation  set  of  (Hi)  is  also  revised  to  shorten  the  notation  by  letting 
nl  =  n\  n2  =  NL  +  n;  «3  =  NL  +  NR  +  n 

/j4  =  NL  +  NR  +  ND  +  rt;  n5  =  NL  +  NR  +  ND  +  NU  +  n 

c3  =  Ax,/2;  c4  =  Axm/2;  c5  =  Az,/2 

c6  =  Az„/2;  c7  =  Aym/2  (H6) 


Thus  the  equations  of  (HI)  are  redefined  as 


izjk  =  Hk  +  exp(/XMa,)X(ciaNS+ni  -  c3anl)  ft  0>j,zk)/K 


4>im-ijk  -  -  +  exp(/XMa2)^(c2avs+n2  +  c4crn2)  f„  (yPzk)/K 

/t-  1 

ND 

'Pin  =  -  <*»,#  +  exp(iXMx,)^( -  aNS+n3  +  c5an})  ft  (x^) 


'Pijk-x  =  -  <t>ijk-\  +  exp(/XMXi)2>„s+n4  +  c6anA)  f“„  (x,,yj) 


Pijm~\k  =  -  tij-rik  +  exp(/XMx,)^(<7NS+n5  +  C2OnS)  ft  (Xj,Zk) 
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Equation  (H2)  is  separated  into  two  parts  for  convenience  in  taking  the  respective  derivatives  Equation 
(H2)  is  redefined  as 

F(o)  =  Fjftr)  +  F2(<t) 


where  Fxfa)  represents  the  sum  of  the  squares  of  the  terms  that  vanish  on  the  interior  of  the  grid 
boundary;  that  is. 


Fi(<0  =  ^Uai,ym,zn)  +  ^Ua2j>m,zn) 


+  ^l'l'Ux„ymcl)  +  '2,iUxt,ym,cJ  +  ^Ux(,b2,z„) 


And  F 2(<r)  represents  the  sum  of  the  squares  of  the  terms  that  provide  continuity  between  inner  and 
outer  potentials  at  the  boundary  of  the  grid;  that  is, 


F2(a)  =  +  *?„-■*) 


y-2  k»2 


Minimization  of  F(er)  is  accomplished  by  equating  the  partial  derivatives  of  F(a)  with  respect  to  ak  to  zero 
using  the  definition 


The  first  term  becomes 


!-dF_=IiFl  +  1  3F2  _  0 

2  dak ,  2  dak.  2  9ak- 


r  T-1  =  ^'l'o^i,ym,Z„)  bi0(ax,ym,zn)/dak. 

2  dak'  z 

+  S’M'Wm,*,,)  dt0(a2,ym,z„)/d<jk. 


+  '£'l'o(x,0'm,cl)  d^0(x„ym,cx)/dak, 


(H10) 


o(X(*y o^Xf %y ^,^2)  / do k * 


+  H0{x„b2,zn)/dak, 


Substituting  the  expressions  of  (H5)  into  (Hll)  yields 


1  3F  ( r  1 

2d^=  X  )  [  Sa*°i k(ym^„)  +  K(auymrZ„)\  alk.(ym,zn) 

INS  'v 

+  [  flatO’m.Z*)  +  lM«2 J'm.Zfl)]  «2*0'm>Z«) 

+  s  f[  Xak  o3k(xtJ>m)  +  'f'w(x„ym,ci)]  aik.(x„y„ 

t.m  V.  *-l 

+  [  Xff*  «4*(Wm)  +  i^x„ym,c^  ]  akk  (x„ym)  j 

Ar-1  J 


+  2  [  2**  ask(xf,z„)  +  ijxf,b2,znj\  aSk  (Xf,zn) 


Equation  (H12)  is  rearranged  into  a  form  defining  coefficients  of  at  as  follows. 


1  i£l  _  V 

2  h 


■  £ ff*  («i*o>  )  <*\k(ym>zn) 


2  ^MrO^n^n)  ^2^'CV/rp^n)  “**  2  ^3ArC*f».Vm) 


2  *a(W«>  *4* (Wm)  +  2  *5A'C*f.*i.)] 


2  [^H^lnV/rp^n)  Q\k'{y mAi)  + 

m,/t 

+  2  [MWm.C|)  a3k.(x„yj  +  vU-Wm.<2)  *4*<-Wm)] 


+  2  lM*M*2.Zn)  05kiX„Z„) 


Mt|  V,»  <.)  «.l  ).!  k*  <•«»  i«t  «|4* bl' Itl' »ilC*>l*U'4>l'*4k'M  >■» At'M’M't, 


The  derivative  of  F2  with  respect  to  ak.  is  given  by 


\  ff*  =  £  f  K*  fyvk/tok'  +  *>m-\jk  fyim- xjk'fok] 

k  j » 2  Ar "2 


+  £  ^  [&/*m-!  fy ijkm-\/dak '  + 


'ml1  *'”*1 


(H14) 


We  insert  the  expression  for  \p2jk  that  is  contained  in  equation  (H7)  to  obtain  the  derivatives  with  respect 
to  ak  for  1  <  k'  s  NL  given  by 


>  Jm?  *"£'  (  NL 

1  =  “£  SexP0'XMfli)  ]  <t>2]k  +  exp(/XM ff,)  ]T  (c,<rJVS+n, 

y-2  *-2  C.  <i-i 

-^«i)/«0'y.z*)/Kj  c3/;.  Ov,z*)/K 


(H15) 


These  derivatives  now  define  new  terms, 


^Vlyfcn  “  expi/XMOi)  /'  (yJtzk)/K 


(H16) 


kmf 

V^lnr  —  2j  2jCW\jknc 


which  are  inserted  into  (H15)  to  provide  the  shortened  expression 


2  dak. 


k£L> 

~  —  c3  2/  X  CtVl jkk'  ^2Jk  ~  Cl2j  (C!aNS+nl  ~  c]an\)^[nk' 


(H17) 


Equations  applicable  to  the  aft  boundary  face  and  numbering  between  k'  ~  NL+1  and  k'  =  NL+NR 
are  given  by 


=  ^  [  —  <#>/„  !>*  +  exp(/XMa2)  £  (c2avs+n2 

>-2  *.2  n-1 

+  O^z^/K]  c4exp(/XMa2)/;  .Ni.Cy>,zt)/K 


(H18) 


CvCvlvCvO- 


& 


cW7jkn  =  expO'XMfli)  f'„  (yj,zk)/K 


W 2nr  ~  2  ^  Cl*'2y*»  C  WTjkr 
2-2  k- 2 


we  obtain  the  shortened  expressions 


C4  2/  i  CW2Jk,k-NL  $ im-\jk 
2-2  ft  -  2 


1  3F^ 

2  3a*. 


(H19) 


+  C4  s 

/I  «  1 


(f2ffNS  +  n2 


+  C4ffn2)  ^ln,k'-NL 


(H20) 


The  source  derivative  equations  applicable  to  the  lower  surface  and  ranging  in  number  between 
k'  =  NL+NR+1  and  k'  =  NL+NR+ND  are  given  by 


1  flF  <m~*  p  ^  _ 

;r1"22r*»  +  exp(/XMx,)  5;  (  -  <rNS+n3  +  c5onj)/f(xjfcyy)|exp(/XMjc,)ci^(xij'y)  (H21) 

2  /-I  7-)  O-l 


With 


cWiijn  ~  exp(iXMXj)  ft  (Xjj’j) 


W3 nr  -  ^  ^  c(f3/y/i  c»K>/y> 

i»2  2-2 


we  obtain  the  expressions  in  reduced  form  as 


1  iEi 

2  3a*- 


'm  1  Jm  1  ^ 

c3  2  S  C '  ^//2  +  C5  2  ^  aNS  +  n3  +  ^5^3)  W3nn* 

i*2  )«2  n  —  l 


where  =  k'  -  NL  -  NR. 


(H21a) 


(H22) 


Equations  pertaining  to  the  derivatives  of  the  source  terms  that  number  from  k'  =  NL+NR+ND+1  to 
k'=  NL+NR+ND+NU  are  given  by 


1  iEi 

2  dak 


'ml'  NU 

=  X  S  l  -  <t>ijkm- 1  +  exp(/XMx,)  2  (ffA,s+„4  +  c6a„4)  ft  (XivVy)J  c6  expd'XMx,) /"•  (xnyj)  (H23) 


i-2  /»  2 


where  n'  =  k' 

-  NL-NR-ND 

and 

=  exp(/XMx,)  f„  (x„yj) 

• 

■  »>  * 

/nr* 

^4nr  =  2/  2  ^  WAijn  cWAijr 

i-2  i- 2 

(H24) 

Thus  we  obtain 

% 

~Z  7  ^  ““  ^*6  C wAijn  +  ^6  +  nA  ^6^4)  ^  Ann' 

^  iml  j»l  11=1 

(H25) 

# 

where  again  n '  =  A:'  -  NL  -  NR  -  ND. 

# 

We  then  come  to  the  equations  of  the  source  derivatives  applicable  to  the  outboard  boundary  and 
ranging  in  number  between  k'  =  NL+NR+ND+NU+1  and  k'  =  NL+NR+ND+NU+NO  =  NS,  which 
are  obtained  from  (H14)  and  use  the  definition  for  4/ijm-ik  of  equation  (H7): 

■*» 

/n' 

1 

2  bak. 

'sC  V~‘  r 

=  2  2)  L  _  *</«-»*  +  eXP('XMx<)  S  (aNS  +  «5 

i  =  2  *  =  2  n  *  1 

• 

+  c7<7nJ)  /”  (x,-,z*)]  c7  exp(;XMx,)  f°-  (x„zk) 

(H26) 

$5* 

r  Vt  * 
vr> 

With 

Cm.kn  =  expO'XMr,)  f°„  (x„zk) 

(H27) 

w 

W;„r  =  2  Ca,5i*n  cH'5/*r 

t«2  *«2 

we  obtain  the  expressions 

1  3F2  *£,'  „ 

2  b£.  "  ”  C?  £  £ 

# 

,vo 

+  c7  2  (ffNS+n5  +  clani)  W 5nn - 

(H28) 

# 

=  1 

% 

where  n'  =  *' -NL-NR-ND-NU. 


Derivatives  of  the  F2  doublet  terms  with  respect  to  ok  are  obtained  in  a  similar  fashion.  For  the  forward 
face,  the  equations  that  range  in  number  between  k'  =  NS+1  and  k’  =  NS+NL  have  been  derived 
from  (H14)  and  (H7)  and  are  given  by 


1  iZi 

2  dok. 


d  S  Cw\jk,k‘  -  NS  $ 7Jk 
y»  2  *-2 


ML 

+  C1  2  (ClaNS  +  nl  “  c3anl)  Wjn^*_N5 

a-  l 


(H29) 


Equations  applicable  to  the  aft  face  are  developed  in  a  similar  manner  and  range  in  number  between 
k’  =  NS+NL+1  and  k'  =  NS+NL+NR.  These  equations  are  given  by 


1  dF± 

2  dak  ■ 


i  C  W2jkn ' 
j- 2  k- 2 


NR 

+  ^2  2  ^2°NS  +  n2  +  c*anl>  ^ 2nn' 

nm\ 


(H30) 


where  n'  =  k'  -NS-NL. 

Equations  developed  for  the  lower  face  and  ranging  in  number  between  k'  =  NS+NL+NR+1  and 
k'  =  NS+NL+NR+ND  are  given  by 


1  dF^ 

2  dak. 


2j  2j  CWijn'  ^ij2  +  2/  (°NS  +  ni  ~  C5<W  ^2nn' 

1-2  JM  2  IT-1 


(H31) 


where  n'  =  k'  -  NS  -  NL -  NR. 

Equations  applicable  to  the  upper  face  and  ranging  in  number  between  k'  =  NS+NL+NR+ND+1  and 
k'  =  NS+NL+NR+ND+NU  are  obtained  in  a  similar  fashion: 


1  dF± 

2  dok ■ 


' oT 1  >m'  w 

=  -  X  CW4i>n-  <t>ijkm-\  +  S  ^CTVS+n4  +  c6ffn4)  W4n(,. 

i  -  2  j  -  2  it  -  1 


where  n ’  =  k'  -NS-NL -NR- ND. 


(H32) 


The  final  set  of  equations  applicable  to  the  outboard  face  and  having  equation  numbers  between 
fc'  =  NS+NL+NR+ND+NU+1  and  /r'  =  2NS  is  given  as 


1  ill 

2  dok, 


'sf1  *m-'  W 

=  "  2  S  cW5ikn  ’  -1*  +  2l  (ffAff+(tJ  +  C7ffnj)  Wj,,,,- 


(H33) 


where  n'  =  *' -NS-NL-NR-ND-NU. 
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APPENDIX  I 

DEFINITION  OF  THE  ank  COEFFICIENTS 


The  a,*  coefficients  that  appear  in  the  (H5)  equation  set  are  now  defined  in  terms  of  the  integrals  of  the 
source  and  doublet  global  functions  using  equation  (G34)  and  (G35). 

The  accumulated  effect  of  all  source  and  doublet  distributions  acting  on  the  upstream  grid  boundary  is 
represented  by  alk.  The  total  effect  of  all  source  and  doublet  distributions  acting  on  the  downstream 
boundary  is  represented  by  a2k.  The  total  effect  on  the  lower  boundary  is  a3k,  a41t  is  the  accumulated 
effect  on  the  upper  boundary,  and  a5k  is  the  total  effect  on  the  outboard  boundary. 

The  number  of  global  functions  applied  to  the  forward  surface  is  NL  source  and  NL  doublet 
distributions.  There  are  NR  source  and  doublet  distributions  applied  to  the  downstream  boundary.  Also, 
there  are  ND,  NU,  and  NO  distributions  of  sources  and  doublets  applied  to  the  lower,  upper,  and 
outboard  boundaries  respectively.  We  construct  a  set  of  constants  formed  from  various  combinations  of 
applied  distributions  in  order  to  shorten  the  notation  used  to  identify  a  particular  equation  number. 

That  is,  we  define  a  set  of  acronyms  to  denote  various  combinations  of  the  externally  applied  source  and 
doublet  distributions  as  follows. 

NL  =  NL 

NLR  =  NL  +  NR 

NLRD  =  NL  +  NR  +  ND 

NLRDU  =  NL  +  NR  +  ND  +  NU 

NS  =  NL  +NR  +  ND  +  NU  +  NO 

NSL  =  NS  +  NL 

NSLR  =  NS  +  NL  +  NR 

NSLRD  =  NS  +  NL  +  NR  +  ND 

NSLRDU  =  NS  +  NL  +  NR  +  ND  +  NU 

Also,  we  identify  a  new  set  of  constants  kn  in  order  to  shorten  the  notation  used  in  identifying  the  index 
number  associated  with  the  ank  coefficients.  These  constants  are  identified  as  follows. 

kO  =  k 

kl  =  k  -  NL 

k2  =  k  -  (NL  +  NR) 

k3  =  k  -  (NL  +  NR  +  ND) 

k4  =  k  -  (NL  +  NR  +  ND  +  NU) 

k5  =  k  -  (NL  +  NR  +  ND  +  NU  +  NO) 

=  k  -  NS 

k6  =  k  -  (NS  +  NL) 

k7  =  k  -  (NS  +  NL  +  NR) 

k8  =  k  -  (NS  +  NL  +  NR  +  ND) 

k9  =  k  -  (NS  +  NL  +  NR  +  ND  +  NU) 

Definitions  of  the  various  constants  and  acronyms  are  included  in  the  ank  coefficients  definitions  listed 
in  Table  1  in  terms  of  integrals  of  the  applied  source  and  doublet  distributions. 
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Table  1  —  Definition  of  ank  Coefficients 
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APPENDIX  J 


EVALUATION  OF  THE  CONTRIBUTION  FROM  THE  INFINITE  WAKE 

The  potential  induced  by  the  wake  extending  beyond  the  finite  difference  box  containing  the  wing  is 
given  by 

1  C?t 


1 

4>Jx,y,z)  =  —  exp(/aja2)A</>1(a2j'1')  dy{- 

4ir  J -y, 


Joo 

exp(-iux')  ,y,  -y{,zi  - z()/dz{]  dx'  (Jl) 

a2 


where  a2  is  the  x  coordinate  of  the  downstream  face  of  the  box.  The  jump  in  potential  at  the  downstream 
face  is  Att>l(a2^y{)-  The  fundamental  solution  is  i given  as 

\f/{  =  exp  (-/X(R]  +  /R]  (J2) 

with  R2  =  (x-x’)2  +  Oi-y{)2  +  (?i  ~z{)2 

X  =  &jM/(1  —  M2) 

The  subscript  1  denotes  scaled  variables;  yx  =  VK  y,  Z!  =  VK  z. 

The  above  definitions  are  then  inserted  into  the  infinite  integral  to  produce 

A  r •  00 

Iw  =  —  |  exp(-iu(x'  -xj)  •  exp(-/X(R|  +  M(x'  -x)))  /'Rldx'  (J3) 

dz,  Ja2 

where  an  extra  exponential  is  added  to  provide  for  a  single  definition  of  the  dummy  variable  ( x '  -  x). 

J.l  EVALUATION  OF  THE  FLOWWISE  INFINITE  INTEGRAL 

Numerical  evaluation  of  equation  (J3)  is  very  difficult.  The  derivation  of  the  procedure  presented 
here  for  its  evaluation  begins  by  rewriting  (J3)  as 

3  f 00  exp(  -  /X(/? ,  —  M(a:j  —  x{)) 

Iw  =  exp(  -  iu>(xt  -  a2))  ■  —  exp(ia>(*i  -  a2))  • - - - dx { 

OZ]  Ja2  Ki 

A  transformation  of  the  form  r  =  (xx  —  x{)  is  applied  to  (J3),  which  results  in  the  expression 


3  f-oc 

Iw  =  exp(  -  M*,  -  a2))  •  —  exp(iur) 

dz{  J(x,-a2) 


xpf/Xfx2  +  r2)1/2  -  Mr)) 


where  r2  =  0',-y,')2  +  (z,  —  z{)2) 


5’ 

•«* 

•;< 
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!? 


ft 

g; 


?; 

.i. 


The  exponentials  are  combined  and  a  transformation  of  the  form  r  =  —  r  is  applied  to  produce  the 
expression 


d  f* 

dZ  1  J  —  (Y,  - 


Iw  =  exps, 


exp(-/w  (r  +  M(r2  +  r2)1/2)) 


3z(  J  -  (*!  -  a2) 


(T*  +  rl) 


1/2 


dr 


(J5) 


where  w  =  X/M 

Equation  (J5)  is  then  separated  into  two  parts  as  given  by 


Iw  =  exp(— io>(jr,  -  a2))  • 


r_3_  r°°  exp(  -  io>  (T  +  M(r2  +  r2)1/2)  ^ 
ldz{  Jo  (r2  +  r2),/2 


d_ 

dz 


[ *' '  °2  exp(i'(J  (r  -  Mjr2  ±  r2„)u2)  1 

{  ’o  (r2  +  r2)l/2 


(J6) 


where  a  transformation  of  the  form  r  =  — t  has  been  applied  to  the  finite  limit  integral. 


The  two  integrals  given  in  (J6)  are  identical  with  the  integrals  used  to  evaluate  the  downwash  at  a 
field  point  (x,y)  in  the  2  =  0  plane  of  subsonic  lifting  surface  theory  in  reference  7,  with  the  exception 
that  a  double  derivative 


is  applied  to  each  of  the  integrals  instead  of  applying  a  single  derivative  as  indicated  in  (J6). 


The  final  expression  developed  for  the  kernel  of  the  potential  function  is  identically  equal  to  the 
kernel  of  the  downwash  integral  multiplied  by  zx.  That  is,  the  wake  integral  is  given  by 


Iw  =  Zj  *  exp(-/w(x,  -a2))  *  [k,(cx)  +  /  |  (l,(a)  -  L,(a)>] 


ia  f" 
0 


,Vv  r ~  a2>  ~  -  fl2>  +  rl)U2)r0P 


t/(1  +  r2)l/2  *  exp (iuroT/0)  dr 


) 


where  a  -  ts>rj& 


(J7) 


The  finite  limit  integral  may  be  reduced  to  a  closed  form  expression  by  applying  the  approximation  of 
t/(1  +  r2)1,2  that  is  given  in  reference  12. 
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Tb  perform  the  integration  in  equation  (J7)  we  consider 

T 

(  Teia  Tdr/  vl  +  -r2 


(J8) 


(J9) 


where  T  =  [  x,  -  a2  -  MV(x,-a2)2  +  r2  ]  /r^  ,  a  =  uro/0 
Following  reference  (12),  we  approximate  the  integrand  by 

t/V  1  +  t2  si  —  C|C_irr  -  c2e~*r  -  c3e_CT  sin(xr)  (J10) 

where  Ct  =  0.101,  C2  =  0.899,  C3  =  0.09480933,  a  =  0.329,  b  =  1.4067,  and  c  =  2.90 

The  upper  limit  may  take  on  negative  values.  For  this  case  we  must  introduce  a  new  variable  t  =  — r 
before  using  the  approximation  in  equation  (J10).  For  the  case  (at,  —  a)  >  M rjfi,  we  have 

T  T 

j  dr  /  VT+r*  =  j  \e>aT-cxe(ia-a)T  -c2e(/a-&)T-c3e('“-c)Tsin(1rr)]  dr 

=  (e'“T  -  1 )/(/«)  -  cx(e(ia  - fl)T  -  1 )/(/«  -  a)  -  c2(e('“  "  b)  -  1  )/(/a  -  b ) 

-c3[  e(,a  - c)T  |  (/a  -  c)  sin(xT)-  xcos(xT)]  +  *-J  /  j  x2  +  (/a-c)2j  (J12) 


For  (x  -  a)  <  M rjfi,  we  write 


\  j^dr 

J o  v!+t2 


-I. 


mre., 


Vl+r2 


dr 


(J13) 


We  see  that  this  is  the  same  as  the  left  hand  side  of  (J12)  with  a  replaced  by  —a. 
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J.2  SPANWISE  INTEGRATION  OF  THE  WAKE  INTEGRAND 
The  potential  induced  by  the  wake  as  defined  by  equation  (Jl)  can  now  be  expressed  in  terms  of  Iw. 

r yt 

4>w(x,y  \>Z\~Z\)  =  (1/4*)  exp(/a«7 2)A4>l(a2,y[)  dy{ 

J-y, 

j.00 

•  exp(  -  iux)  j  exp(-/«(*'  -x)j  •  (d^p^x-x1  ,yi  -y{,z\-z[)/dz^dx'  (J14) 

This  integral  is  modified  by  assuming  symmetry  about  the  planform  centerline  (y '  =  o)  and  takes  the 
form 


f>7 

<t>w(.x,yi,zi-z{)  =  (1/4*)  exp(/wfl2)A4»,(o2,y|')  dy[ 

w  n 


(.00 

•  exp (-iux)  J  exp (-/«(■*'  -*))  •  {b\P[(x-x'yl  -y[,zx -z{)/dz{ 

+  d\(/x(x-x'  ,yx  +y{,zx-z{)/Bzx)dx' 


The  infinite  integral  of  equation  (J14)  has  the  functional  form 

ljx,yi-yi,zi-z{)  =  I  -j 

The  second  part  of  equation  (J15)  has  the  functional  form 


Iw(*J'l+>’i'.2i-*l)  =  Kj 


Thus  equation  (J15)  takes  the  form 


r y, 

<t>w(x,y],zl-z{)  -  exp( - iux)/ 4*  j  exp(/wa2)A<f>,(a2,yj)  (lwj+l+j)dy[  (J16) 

The  jump  in  potential  at  the  downstream  face  of  the  grid  network  may  be  expressed  in  terms  of  the  jump 
in  potential  at  the  trailing  edge  of  the  wing. 


That  is, 


&<t>\{a2,yi)  =  A0()  +  ,0j)  •  exp (/£*)(*, ^  + ,  -a2j) 


Integration  in  the  spanwise  direction  is  replaced  by  a  finite  sum  integration  procedure  that  makes  use 
of  trapezoidal  integration  techniques  that  yield 

h\ 

tJxy^Zi  -  Z{ )  =  exp(-  OMx  -  iu(x  -  *,,  +  ,))  J  [a<*>,1  +  ,7  (I“7  +  1+) 

j- 2 

"*■  A0,|  +  |,7+  i(Iwy+ 1  +  I,vy+|)j  (y ly  +  i  —  y\j)/&x  (J18) 


■V.V/ 
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where  is  related  to  <t>w  by 
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The  trapezoidal  rule  of  integration  proved  inadequate  and  Legendre  integration  was  applied  with 
special  treatment  of  the  singularity.  However,  the  basic  form  of  equation  (J22)  still  holds. 

Because  of  the  singularity  in  the  integrand  for  points  near  the  wake  plane  z  =  0,  special  care  must 
be  applied  to  obtain  sufficient  accuracy  in  evaluating  the  wake  integral.  The  jump  in  potential  at  the 
first  point  downstream  of  the  trailing  edge  is  determined  to  satisfy  the  Kutta  condition. 


The  quantity 


A<t>(xi+Uyj) 


is  therefore  given  in  terms  of  the  potentials 

’  *«i  -«>*m  '  -Wm+,  •  ^>i-\jkm  +  2  • 

’  <t>lUkm  +  '  ’  +  2  ’ 

whose  coefficients  must  be  calculated  in  the  construction  of  the  matrix. 

Consider  a  point  yB  lying  between  the  plane  of  symmetry  and  the  wing  tip.  We  assume 

yJc  <  y*  <  yJc+ 1 

In  the  range  of  integration  y  =  0  to  y  =  yjc-\,  the  integrand  is  smooth  and  we  apply  Legendre 
integration.  This  is  also  true  of  the  range  yJc+ ,  to  yT.  In  the  range  yJc_ ,  toy^+1,  we  make  the  integrand 
regular  by  subtracting  a  singular  term  which  can  be  added  to  the  result  in  a  closed  form  integral. 

Tb  apply  the  Legendre  quadrature  formula  we  must  evaluate  the  integrand  at  points  _yN,  N  =  1  to 
NLEG,  which  cover  the  span  of  integration.  For  this  purpose  we  need  the  values  of  A<t>  at  the  spanwise 
points  yN.  Since  A <t>  is  only  defined  at  the  points  ys  we  must  use  a  Lagrange  interpolation  polynomial. 
For  each  yN,  we  determine  a  J(N)  such  that 

y(J(N))  <  yN  <  y(J(N)  + 1) 

Then  the  value  of  A<i>  at  y  -  yN  is  given  by 

A<*>(*,1  +  )0'n)  =  +  l^nv-i)  *  GL1  0»n,J(N)) 

+  A0(x,l  +  j,  yJ(N))  *  GL2(yN,J(N)) 


+  A<>(x,  +  |,yJ(N)  + ,)  *  GL30'fj>d(N)) 


where 


GL1  (y.J)  =  (y-yj)  (y-yj+ ,)  /  [cv,_ ,  ~yt)  0 1  ~yj+ 1)  ] 
GL2(y,J)  =  Cv— ,)  (y-yJ+i)  /  [(yj-yj-i)  <jj-yJ+l)  ] 
GL3  Cy.J)  =  (y-yj_t)  (y-yj)  /  {(yJ+i-yj-i)  /  (yj+i-yj) 


yV»_k>  ->  W  .">■ 


The  integral  we  are  evaluating  is  given  in  equation  (J16)  which  is  modified  to  be 


iMJfO'B.z)  =  exp  [  -/  (Xx/M-oixI1  +  1)  ]  * )  A0,  (x,I  +  1j-')  (I  "  +  I +)  dy' /At  (J25) 

Here  we  have  applied  equations  (J17)  and  (J19).  The  portion  of  this  integral  for  0  to  yj  lt  then,  is  given 
by 

NLEG 

exp  [  -/  (Xx/M - oxx(]  + ,)]  £  A<t>  (x,1  +  1,yN)  [i  "  (yN)  +  I  +  0-N)]WT  (N)  *  (y^.j-O)  (J26) 

N  » I 

where  WT(N)  are  the  Legendre  weight  coefficients.  The  quantities  A <t>  are  replaced  by  equation  (J23)  to 
yield 

N'LEG 

exp  [  -  /(Xx/M  -  ux,,  + ,)]  2  (a«(x,,  +  i,yJ(N)_ ,)  GLl(yN,J(N)) 

N-l 

+  A </>Cx;,  +  „yJ(N))  GL2  (yN,J(N)) 

+  A 4>(xil  +  uyW)+l)  GL3  (yN, J(N))J [ I  ~  (yN)  +  1+  (yN)]  WT(N)yyf_,  (J27) 

lb  construct  the  coefficients  of  the  matrix  we  need  the  coefficients  of  A  <t>  (x,1  +  xjj).  For  j  =  J  (N)  —1, 
we  have 

exp  [  -/(Xx/M-ux/]  +  1)]*GLl  (yN,J(N))*[l  ~CyN)  +  I  +  (yN)j  WT(N)y^ ,  (J28) 


For  j  =  J  (N),  we  have 

exp  [  -  /(Xx/M  -  cox,,  + ,)]  *GL2(yN,J(N>)  *  [  I*  (yN)  +  1  w  0^)]  WT(N)y>f  _ ,  (J29) 

and  for  j  =  J  (N)  +1,  we  have 

exp  -  /(Xx/M  -  <***’ii  + 1)] *GL3^yfj,J(N)j*  [lw  (yN)  +  I*  Ofa)]  WT(N)yyc_  i  (J30) 

For  some  values  of  j,  there  may  be  more  than  one  contribution  from  the  numerical  integration;  hence 
these  contributions  must  be  summed  to  obtain  the  wake  terms 

WAK1,  WAK2,  WAK3,  WAK4,  and  WAK5 

defined  in  equation  (J21)  for  ^  on  the  5  planar  boundaries  of  the  grid. 

The  integration  from  yJc+  x  to  yT  is  performed  in  the  same  manner.  For  the  singular  integral  yJc_ ,  to 
yjc*i’  the  integrand  I"  +  I*  is  first  evaluated  at  y  =  yB,  the  singular  point.  Then  we  compute  a 
constant 


where  r*  =  Kz2.  For  the  numerical  integration  we  use  the  regular  integrand 


ijy  +  lW  XwO^^O 


where,  now,  t*  =  K(y-  y^f  +  z2.  The  jump  in  potential  is  defined  at  the  Legendre  points  yN  lying  in 
the  interval  yJc_ ,  <  y  <  yJc+ ,  by 


+  !•>«)  =  A4>U/,  + 1.  yJc- 1)  *  GLl(yN,  Jc) 


+  &<t>(x,i  +  u  yJt)  *  GL2(yN,  Jc) 


+  A0U,1  +  1,  yJc+ ,)  *  GL3(yN,  Jc) 


Thus  for  the  closed  form  integral  to  be  added  to  the  integration  of  equation  (J31)  we  must  evaluate 


I  wo  (  Jc+l  GLl(y,  Jc)  dy/rl 


Iwo  |  ^  GL2 (y,Jc)  dy/r70 

v> 


I  wo  (  lc  GL3(y,  Jc)  dy/rl 

''V. 


Since  the  numerical  integration  is  performed  in  the  scaled  variables,  the  first  integral  becomes 


j  rAc+ 1 _ (y-yjr)  (y-yJr+\)  dy _ 

w°  yJc-'(yje- 1  -  yjc){yjc- 1  ~  yje+i>K[<y  ~ yB)2  +  A 


Let  (y  -  y&)/\z\  =  yB)/|z|  =  a,  and  D,  =  y,  -  yt_v  Then  the  integral  above  reduces  to 


°7C+1  U  ~  Of/P  0  ~  <*jc  +  l) 


VKD,  (D,  + 

JC  Jc 


, _  p/c+l 

Vi)  avc-i 


(t+D 


Expanding  the  numerator  and  using  the  relation 


An  +  A  =  i  -  i/(i+ A 


we  obtain 


™>Je  (Dje  + 


, _ fa>c+«  r,  _ 

P/c+|)  a/c-,  L  ~  1 


[°V 1  ,  _  ((V(V  m  +  aJcaJc+'-]  dt 

V  _  ,  1  +12  1  +P- 


¥ 


I  f .  ,  <fcV  4*1"  'fj.*'  »k*  ?i,'  k  -U,  lJf  A'4  «*1 


r.l'H.i  t.i  v.|  j.t  t-.j  i'l  i 


integration  yields 


Ul  Ko  K  +  aJc+'\  ll+aJc+  • 

■  ■*"  ■  108 1 T^7, 


+  (ctj«jc+ ,  -  l)(tan~  {aJc+ ,  -  tan' 


The  second  integral  becomes 


Ko  r^c+i  0'-^c-i)O-.V;c+i)  dy 

Vic  Jy;f_ ,  (yjc-yjc- 1)  (yJc-yJc+ 1) [0’->,B)2+z2i 

Introducing  the  same  variables  yields 

"  UIU  f %+l  ^-“/c-t)  <'-“/c+  »> 


ifijog,  p/c+i 
W  i  °7C-1 


Integration  then  gives  us 


I £ I ^wo  f 

/K^JV'-V- 


(<yi  +  a/c+1>  /iHii 
2  w+«2e. , 


+  («yc-i«yc  “  l)(taa_,ayc+i  ~  tan  ‘«/c-i 

Similarly,  the  third  integral  yields 


I  WO  [yjc*  1 

(y-yjc~ 

(yjc+'-yjc- 

—  1  ^ 1 ^wo 

_  r 

Vic  Dye+  1  (Dyf  +  ,  +  DjJ  L  'c+‘ 

+  (®>c->°i/c“1Xtan  1  %+i~  tan  'ayc- 1 
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J.3  DETERMINATION  OF  THE  POTENTIAL  JUMP  AT  THE  TRAILING  EDGE 

The  required  jump  in  potential  necessary  to  satisfy  smooth  flow  conditions  at  the  trailing  edge  is 
obtained  from  the  derivation  given  by  equation  (37),  page  46,  of  Reference  1.  It  is  given  in  terms  of  the 
potential  jump  on  the  wing  by  the  expression 

A*/1  +  i,  =  (1  -  Ji./Ciij  -  jWc1(|)A<*>(i,  +  (J38) 

or  is  written  as 

+  1  j  ~  "*■ 

where 

Cl,  —  xt  1  ,  Cj  —  \/(Xj+  j  —  X^-j)(X|+  j  —  Xj) 

du  =  (xi+i-x,)/d,  ;  dj  ~  1/(x:+i-xh)(jc,  -  xH) 

The  potential  jump  at  the  first  differencing  station  downstream  of  the  wing  trailing  edge  is  represented 
by  A +  The  potential  jump  at  a  point  dj)  on  the  wing  is  obtained  from  the  derivation  shown  on  page 
66  of  Reference  1  and  has  the  form 

A <bij  ~  cs2<t)ijkm  1  ~  (1  "*■  ■*■(!■*■  t'sl)<t‘ijkm  + 1 

"  Cs\<f>ukm*i  ~  (dslFjP  +  ds2 Fjp)  (J39) 

where 

csl  =  1/45, (5,  +  1)  ;  cs2  =  l/4s2(52  +1) 

dsl  =  h(2s,  +  l)/4(5,  +  1)  ;  ds2  =  h(2s2  +  l)/4(52  +1) 

5i  =  (z*m  +  2  -  Zk  +\)/h  ;  s2  =  (z*  -  zk  j/h 

mm  mm 

h  —  +  j  ~  £*) 

m  m 


where  F,.U|  and  F^’  are  boundary  conditions  on  the  upper  and  lower  surfaces. 


*.4  ■.  »|-  V»t  •■I'Cif  Mtii  f>rtt|  iilfit  «4l  Ilf  yd  M  M  4.1  %.|  «.|  t.1  lilM'Val  *.l  4.1  LI  •«  4 


Thus  the  potential  jump  at  the  first  station  downstream  of  the  trailing  edge  in  the  wake  is  given  by 

A4>i,  +  \j  =  Ckc2  (cs2<>i[  -  \jkm-  1  “  +  csl)^ix-\jkm  +  0  +  cs0^i{  -  ljkm  +  1 

~  csl<t>il-ljkm  +  2  ~  +  lj)) 

+  ckcl(cs2<t>i1jkm-l  ~  U  +  cs2)<t>iijkm  +  0  +  cs\)4>ixjkm+\ 

~  cs\\jkm+2  -  (^,F-V  +  ds?V))  (J4< 


where 


c/tcl  =  1  ~  d\ -  '«/Ci ,j 
cA:c2  =  ^li/clij 

The  potential  jump  at  the  first  finite  differencing  station  downstream  of  the  trailing  edge  is  now  defined 
in  terms  of  the  Ay  coefficients  described  in  the  section  on  wake  boundary  conditions  and  takes  the  form 

A<*V  \j  =  A\\<t>i\-\jkm-\  +  A\2<t>ix-\jkm  +  A\3<t>il~\Jkm+\ 

+  A 14  <t>ix-\jkm  +  2  +  A2\1>ixjkm-\  +  A22^i{jkm  +  A23't>i]Jkm+l 

+  A2^ixjkm  +  2  “  c‘Atc2<^1F/{J-  1;  + 


“  c*cl(<4lF/!/)  +  ^s2F iw  ) 


Definition  of  the  wake  potential  is  finalized  by  inserting  (J41)  into  (J21). 


twijk  -  ^ [Ai jfdxjj  1  +  A 1 2t<f>il-\tkm 

t  =  2 

+  A13f^J,-lf*m+l  +  A!4f^ir  lf*m  +  2  +  A21f^/jf*m-l 
+  A22f^i,f*m  +  A23f^i,M:m+l  +  A24f0i,f*m  +  2 

“  ^*r2  (^i i F -  it  +  ^F/j'-ij-) 

-  Ckci  (^siF,f^;  +  ds2F 


fry,  I 

P| 

m 

I 

Sj: 

m 


m 

m 
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w! 


I 

1 


£ 


v.v.v.v.v.v;.v,v; 


V  -r,  y*ri 


Let 


RHS1,C  =  Ckc2(dsl F}}»yc  +  dflFf.yj  +  c*cl(</slF$>  -  ds2 FjJjg 


(J43) 


In  equation  (J42),  then 


^"-v*  =  2LAiVe*/,-V«*m-»  +  A‘2A0,i  ~  'J^n 
>c*2 


+  Any/q-U^+l  +  AI4/c*i1-Ve*m  +  2  +  A2Uc*«Vc*m-l 
+  A227c4./lJ^m  +  A237c^|7cArm+l  +  A24yc«/l7c*m  +  2 

-  RHS1 Je]  *  WAKV7, 


(J44) 


J.4  INCORPORATION  OF  THE  WAKE  INTEGRAL  INTO  THE  EQUATIONS  FOR  THE 
APPLIED  SOURCE  AND  DOUBLET  DISTRIBUTIONS 

Substituting  equations  (J44)  into  equation  (H13)  yields 


If1  =  f  +  s  [A.vA 


7  ^  .  "  L  “JC' 

+  AWC*<,  -  V<*m  +  Al^-r^m+l  +  AH/A-V«**  +  2 

+  A2lyr^,^m-I  +  A22yf<#>lly^m  +  A23y^,1ycJrm  + 1  +  A24jc<t>iijckm  +  2 

-  RHS17c  ]  [2  [alrCvm,zn)  WAKyflmn  +  a2r(ym,z„)  WAK^^J 

m,n 

+  2  +  a4r(xf >^m)  ^A^7(7m/(rmur] 

+  2  WAKVw) 

f.n 

Here,  we  defined  the  array  W'  (^r,r)  as  follows: 

W '(*,r)  =  2  [aiW*irmn  +  aikmnairmn\ 

m.n 


(J45) 


# 


.Vj 


vsJ& 


vTwVv 


& 


vj?.-. 

■&y 


■/%* 

.y> 


+  2  aSktna5rtn 


(J46) 


where  axkmn  =  au  (ym,  zn),  etc.  Let 


WAV  =  +  WAK;^^] 

m,n 

+  +  VJAK j'jmit  mar^4rfm  j 


+  SWAKVW»». 

t,n 


then  equation  (J45)  becomes 


where 


1  ap,  »« 


■>sl 


1  L/X'  |  _  _ 

2^7  =  S  ff*W '<*•'>  +  j  [AnJc  +A.2/f*,._l,c* 


JC~2 


+  Al3>c  </>,,  _  yf*m  +  ,  +  Al4>f  <t>ll_,jckm  +  2  +  Al\jc  <l>iljckm  -  l 
+  A 22,c*,Vf*m  +  A23yf  <t>iijckm*t  +  A24>f  </>,V(.*m  +  2]  -  RHSW(r) 


RHSW(r)  =  ^  RHS1,  WA^ 

jc=i 


The  r  th  equation  is  actually  given  by 

1  dF,  1  3F, 

- -  + - -  ••=  0 

2  dar  2  dor 

In  this  equation  there  are  contributions  to  the  coefficients  of  a  in  equation  (J48)  from  dF2/dar 
1  <  r  s  NL,  1  <  n  <  NL,  we  have  from  equation  (Hl7) 


'si 


2  ok  W  '(k,r)  +  £  (WAKE  <f>  TERMS)  -  RHSW(r) 


Jmax  '  k  max  •  NL 

-  c3  2  2  C*'l  jkr't’ljk  -  c3  2  (C>  ffNS  +  n  “  c3  an)  W 


lnr 


y-2  *  =  2 


(J47) 


(J48) 

(J49) 

(J50) 

Thus,  for 

(J51) 


x/i  x/i  wx*  H'  c  yj»  it-*  HP.vjv.wimw  otjcubwuvwuwvwv 
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Hence  for  equations  r  =  1  to  NL,  we  drop  the  prime  on  W(Ar,r)  and  modify  W  according  to 


w„,  =  W„r  +  C3  w  inr 


n=  1,  NL 


^»tNS  r  ^n  +  NS  r  ^l^jW| nr 

and  the  coefficients  of  <t>2jk  for  2  s  j  <  jmax  -1,  2  <  Ar  <  kmax-\  are 

~c3  cw\jkr 


(J52) 


(J53) 


We  now  follow  the  shortened  notation  in  equation  (H6).  Thus  for  1  <  r  <  NR,  and  1  <  n  s  NR  and 
for  equations  NL  +  r,  we  have,  according  to  equation  (H20). 


r+NL  W „2  r+NL  ~k 

W,2  +  NSr+NL  =  ^n2  +  NS  r+NL  +  C2C4W 2n 


(J54) 


and  the  coefficients  <i>imax-ijk  for  2  <  j  £  jmax  -1,  2  <  k  <  A:max  -1  are 

-  c4  c  W2jkr  ( J55) 

For  equations  NLR  +  r  and  for  1  <  r  <  ND  we  modify  W  according  to  equation  (H23)  and  obtain 

W„3  NLR  +  r  =  W„3  NLR  +  f  +  c|W3nr 

W„3  +  NS  NLR  +  r  =  Wn3  +  NSNLR  +  ,  -  C5W3nr  (J56) 

and  the  coefficients  of  are 

~c5  cW3ijr  (J57) 

For  equations  NLRD  +r  and  for  1  <  r  <  NU,  1  <  n  <  NU,  we  have  from  equation  (H25) 


^ ni  NLRD+r  ^ n4  NLRD+r  0(jW4l)(. 


Wn4  +  NS  NLRD  +  r  “  ^„4  +  NS  NLRD  +  r  +  c6 W  4nr 


and  the  coefficients  of  -  1  are 


_  c6  c  H^4(j 


ijr 


(J58) 


(J59) 
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For  equations  NLRDU  +  /•  and  for  1  <  r  ^  NO,  1  <  n  £  NO,  we  have  from  equation  (H28) 


NLRDU  +  r  ~  Wn5  NLRDU  +  c7  ^ inr 


W„5  +  NS  NLRDU+r  =  W„5  +  Ns  NLRDU  +  r  +  C7 WJnr 


and  the  coefficients  of  ^ijm&x-\k  are 


-c7  cWSikr 


For  equations  NS  +  r  and  for  1  <  r  <  NL,  1  <  n  <  NL,  we  have  from  equation  (H29) 

W „  NS  +  r  ~  ^ „  NS  +  r  —  ^1^3^1nr 


W„  +  NSNS+r  ~  Wn  +  NSNS  +  ,  +  C?Wlnf 


and  the  coefficients  of  </>27*  are 


cl  cW\jkr 


For  equations  NS  +  NL  +  r  and  for  1  <  r  <  NR,  1  <  n  <  NR,  equation  (H30)  yields 

W„  +  NLNSL  +  r  =  W«  +  NLNSL  +  r  +  f2c4 W2n, 


W„2  +  NSNSL  +  r  ~  Wn2  +  NSNSL  +  r  +  ^2^2nr 


and  the  coefficients  of  <£,  t.+  are 


^2C» Vljkr 


For  equations  NSLR  +  r  and  for  1  <  r  <  ND,  1  <  n  <  ND,  equation  (H31)  leads  to 


W„3  NSLR  +  r  -  W„3  NSLR  +  r  ~  c5^3 nr 


W„3  +  NS  NSLR  +  r  ~  Wn3  +  NSNSLR+r  +  W3„r 


and  the  coefficients  of  <b,n  are 


For  equations  NSLRD  +  r  and  for  1  <  r  <  NU,  1  <  n  <  NU,  equation  (H32)  leads  to 


NSLRD +  r  -  W nA  NSLRD +  r  +  c(,WAnr 
W„4  +  NS  NSLRD  +  r  =  +  NS  NSLRD  +  r  +  W4m. 


IuV. 
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and  the  coefficients  of  _i  are 

v  max 


(J69) 


t-WAijr 

Finally  for  equations  NSLRU  +  r  and  for  1  <  r  <  NO,  1  <  n  <  NO,  equations  (H33)  gives  us 

Wn5  NS  NSLRDU  +  r  =  W/i5  NSLRDU  +  r  +  C7W5 nr 

W„5  +  NS  NSLRDU  +  /-  =  ^ nS  +  NS  NSLRDU  +  r  +  W5nr  (J70) 


and  the  coefficients  of  ax— ik  are 


~cW5ikr  (J71) 

Equations  (J46),  (J47),  and  (J52)  through  (J71)  are  computed  in  the  program  bv  the  subroutine 
labeled  WMATRX. 


APPENDIX  K 


INTEGRATION  OF  SOURCE  DISTRIBUTIONS  FOR  RECEIVING  POINTS  IN  THE  PLANE 

OF  INTEGRATION 

When  we  integrate  the  influence  of  a  source  distribution  on  itself,  we  have  to  treat  the  integration 
separately  because  of  the  1/r  singularity.  It  is  possible  to  eliminate  this  singularity  by  introducing  polar 
coordinates  about  the  point  where  the  influence  is  to  be  calculated.  For  a  source  distribution  of  the  form 
xm  y,  the  integral  to  be  evaluated  takes  the  form 

02  f*2 

f  ijn  exp  ( -  i\r)  d!-dti/4icr  (Kl) 

Jy i  J*i 

where  r2  =  (x  -  £ )2  +  (y  -  tj)2.  Introduction  of  polar  coordinates  about  £  =  x,  i)  =  y  yields  integrals  of  the 
form 


d2  fO^-JO/cosS 


2  ru 

Jfl,  Jo 


(x - rsind)m  (y  +r  cos0)n  exp  ( - iXr)  drdO 


Integration  with  respect  to  r  leads  to  four  line  integrals  along  the  edges  of  the  rectangle  that  must  be 
evaluated  numerically.  This  procedure  turned  out  to  be  too  costly  so  a  simpler  method  was  derived. 

Equation  (Kl)  can  be  expressed  in  a  more  convenient  form  by  a  translation  of  the  coordinates.  Thus 
we  have 


f ' 2  y  f*2  x  (£  +  x)m  (y  +yf  exp  ( -  i\V£2  +  r,2 ) 
^y, -y  ^£2  + 


Expanding  the  numerator  and  retaining  the  first  order  terms  in  £  and  17  yields 


y  r*2-*[yy  +  mxm~y^  +  +  ....]  d& , 

\  1  -  (K4) 

*’y1  —  y  Jx, -x  r 

where  r2  now  is  £2  +  tj2.  This  can  be  integrated  in  closed  form.  When  the  integrand  of  equation  (K4)  is 
subtracted  from  equation  (K3),  the  resulting  integral  is  nonsingular  and  can  be  integrated  numerically. 
Adding  the  closed  form  integration  of  equation  (K4)  then  leads  to  an  accurate  way  of  integrating  equa¬ 
tion  (Kl).  Thus  we  integrate  numerically  the  integral 


07~y  rx2~x 

[(£  +  x)m  (v+yf  exp(-iXr)  -  xmyn  -  mxm~y£  -  nxTf~x  r/j d£dv/r 

Jyt-y 

and  add  the  closed  form  integration  of  equation  (K4). 
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Wp: 
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n'.V.v'a' 


'MjutKKwri 


By  integration  by  parts  we  obtain 


! 


!*1 


kI'i.I'IAI 


H^r "  W(f  +  r) 


=  »>  log  (£  +  r)  +  £  log  (>?  +  r)  -  £  -  t> 


=  F,  (€.11) 


Also  we  have, 


=  ^rdrj  =  7J/-/2  +  (£2/2)  log  (i)  +  r) 


=  F2  (£.»?) 


Similarly, 


=  2  +  2l0B<{  +  r) 


=  F2  (*,£) 


Applying  the  integration  limits  of  equation  (K4)  yields  for  the  closed  form  solution 


[  F,  (x2-x,y2-y)  -  F,  (x ,-x,y2-y) 

-F,  (x2-x,  y,  -y)  +  F,  (x, -x,  y, -y)  ] 

+  mxT~'f  [  F2  (x2-x,  y2-y)  -  F2  (x,-x,  y2-y) 
-  F2  (x2-x,  y, -y)  +  F2  (x,  -x,  y,  -y)  ] 

+  «xmy"_1[F2  (y2-y,  x2-x)  -  F 2(y2-y,  x,-x) 

-F2  (y,  -y,  x2  -x)  +  F2  (y,  -y,  x,  -x)] 


Since  the  integrand  of  equation  (K5)  goes  rapidly  to  zero  at  £  =  v  =  0,  the  range  of  integration  is 
divided  into  four  rectangles  by  the  lines  £  =  0  and  t\  =  0.  The  Legendre  integration  formulas  are  applied 
to  each  rectangle. 
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APPENDIX  L 


CONTRIBUTIONS  OF  THE  SOURCES  AND  DOUBLETS  OF  THE  EXTERIOR  SOLUTION 
TO  THE  MESH  BOUNDARY  CONDITIONS  IN  THE  FINITE  DIFFERENCE  EQUATIONS 


We  now  change  notation  to  a  more  convenient  form.  For  the  source  and  doublet  distributions  in 
Appendix  F,  we  choose  the  following: 


Ci-Zi 


For  the  upstream  boundary  plane  and  1  <  n  <  NL, 

a  -  alnfln  (y.z) 


A*  -  Hlnfh  C y,Z) 

For  the  downstream  boundary  plane  and  Is  n  <  NR, 

a  -  a'nfn  <J,Z ) 

V-  ~  Hnfn(y,Z) 

For  the  lower  boundary  plane  and  1<  n  <  ND, 

o  -  adnfn  (*>.y) 
M  “  At  nfn(x,y) 

For  the  upper  boundary  plane  and  1<  n  <  NU, 


1 


0 

a  «■ 

At  - 

0Unfn(x,y) 

At  UnfUn(x,y) 

(L7) 

(L8) 

For  the  outboard  plane  and  1<  n  <  NO, 

• 

>'lV 

a  — 

°°nf°n(X'Z) 

(L9) 

$ 

At  “ 

A i°nf°n(X,Z) 

(L10) 

• 

where  NLR  =  NL  +  NR,  NLRD  =  NL  +  NR  +  ND,  and  similarly  for  the  other  terms.  We  also  define 
NS  =  NL  +  NR  +  ND  +  NU  +  NO. 

We  now  apply  these  boundary  conditions  to  the  finite  difference  equations  along  the  boundary  of  the 
mesh.  We  begin  by  rewriting  equations  (E6)  and  (E7)  in  a  general  form  for  programming  as 

DIAG  (K)  *  <t>iJk  +  SUB(K)  *  +  SUPER(K)  *  <t>ljk  +  l  +  CIN(K)  * 

+  COUT  (K)  *  <t>ij+\k  CFOR2  (K)  *  <t>i-2jk  CFOR  (K)  *  fij-yk  CAFT  (K)  *  4>i+i jk 
+  RHS  (K)  =  0 

For  the  upstream  boundary,  /  =  2, 

CFOR(K)  *  <t>ljk  must  be  replaced  by 

NL 

-CFOR(K)  *  exp  (i\,Mx,)  £  [c,  aNS+„  +  (Ax,/2)  a„]/£  O^z*)  /K 

n  *»  I 

From  equation  (H16)  this  becomes 

nl 

=  -CFOR(K)*  £  [ci  <7NS+n  +  c3ffn]  cmjkn  (L16) 


where  c3  =  Ax,/2  and  then  CFOR(K)  must  be  set  to  zero. 


CAFT  (K)  *  <*>, 


m 


s 


# 


w 


'max  ft 


must  be  replaced  by 


NR  &X 

CAFT(K)  *  exp  (/\,Mjr,max)  (c2  <7NS+NL+n  -  — -  <*nl +».)/£  O',.**)  /K 

*E  I  +• 


Axm 

Using  equation  (H19)  with  c4  =  — —  leads  to 


NR 


CAFT(K)  *  £  (c2  am 

+  NL  +  n~c4aNL  +  n)  cW2jkn 

n  ®  1 

and  then  CAFT  (K)  is  set  to  zero. 

Similarly,  for  k  =  2  and  all  i,  j,  we  have 

SUB(2)  *  replaced  by 


ND 


-  SUB(2)*exp  (/X)Mx,)  £  (^ns  +  nlr+»  +  -t^nlr +».)/«  (*,.>',) 

1  * 

Using  equations  (H21a)  with  c5  =  Az,/2  leads  to 

ND 

-  SUB  (2)*  ^  (<7NS  +  NLR  +  n  +  c5  CTNLR  +  n)  cWl,jn 


and  SUB(2)  is  set  to  zero. 

For  k  =  kmax  -  1  and  all  i,  j,  we  have 

SUPER  (KMAX1)  *  <t>ij *maj(  replaced  by 

NU 

SUPER  (KMAXl)  *  exp  ^  (^ns + nlrd + n - r  ^nlrd  +  «)  f'n  (-W,) 

7T  =  l  * 

Using  equation  (H24)  with  c6  =  Azm  /2  yields  for  equation  (L19) 

NU 

SUPER  (KMAXl)  2  (ffNS  +  NLRD  +  n  ~  C6ctNLRD  +  n)  cW4ijn 

n  =  I 

and  SUPER  (KMAXl)  is  set  to  zero. 


(L17) 


(L18) 


(L19) 


(L20) 


■»  rr  yv  irv  v>  yv  yr  v\  chwcvwltcj 


For  j  =  ym<tr  -  1  and  all 


COUT  (K)  *  ^m|jk  is  replaced  by 


NU  a 

COUT  (K)  *  exp  ^  (<7NS  +  NLRDU  +  n - ^  aNLRDU  +  «)  /°  C*/.Z*) 


Using  equation  (H27)  with  c7  =  AZj/2  leads  to 


COUT  (K)  £  (  ffNS  +  NLRDU  +  n  ~  c7ffNLRU  +  n)  cWSikn 


and  COUT(K)  is  set  to  zero. 
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